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PerÐlhyh

H paroÔsa diplwmatik  ergasÐa èqei skopì thc thn emb�junsh gn¸se-
wn sth gewmetrÐa tou qwroqrìnou mèsw twn gewdaitik¸n exis¸sewn.
Ja melethjeÐ h metrik  Kerr se suntetagmènec Boyer-Lindquist kai
Kerr-Schild, kai Ôstera ja anaptuqjeÐ upologistikìc k¸dikac gia ton a-
rijmhtikì upologismì thc troqi�c dokimastik¸n swm�twn mèsa se mela-
n  op  Kerr se suntetagmènec Boyer-Lindquist, sthn eidik  perÐptwsh
twn gewdaitik¸n exis¸sewn sto epÐpedo tou ishmerinoÔ. Ja xekin soume
me mÐa eisagwg  sthn jewrÐa thc eidik c kai genik c sqetikìthtac, thn
perigraf  thc melan c op c Kerr, kaj¸c kai thc metrik c gia ta dÔo
sust mata suntetagmènwn kai ja exereun soume ton trìpo eÔreshc kai
diereÔnhshc twn gewdaitik¸n exis¸sewn. Sth sunèqeia ja perigrafeÐ h
mèjodoc arijmhtik c olokl rwshc kai ja parousiasteÐ o k¸dikac kai ta
apotelèsmata thc melèthc. Oi exis¸seic pou melet¸ntai eÐnai qronoeid c
gewdaitikèc. FaÐnetai na eÐnai prìsfato kÐnhtro melèthc twn troqi¸n,
edik� gia supermassive black holes se galaxÐec, ìpwc kai ston dikì mac
galaxÐa pou melet jhke apì to Event Horizon Telescope. KurÐwc, oi
melètec apasqoloÔntai me fwtìnia, dhlad  me fwtoeideÐc gewdaitikèc.
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Abstract

This thesis aims to deepen the knowledge surrounding the geome-
try of space-time through geodesic equations. We will study the Kerr
metric applying it to Boyer-Lindquist and Kerr-Schild coordinates,
and subsequently we will develop a computational code to calculate
the trajectory of test bodies within the Kerr black hole, in Boyer-
Lindquist coordinates, specifically for the case of geodesic equations
on the equatorial plane. We will begin with an introduction to the
theory of special and general relativity, a description of the Kerr black
hole, as well as the metric of the two coordinate systems, and we will
explore the method of finding and analysing the geodesic equations.
Finally, we will describe the numerical integration method and we will
present the code alongside the research results. The equations that
we study are timelike geodesics. As of lately it seems there is a motive
to study said orbits, especially for supermassive black holes in galax-
ies, like our own that was studied by the Event Horizon Telescope.
Mainly, studies focus on photons, so they utilise null geodesics.

ii



Perieqìmena

1 Eidik  &Genik  JewrÐa thc Sqetikìthtac 1
1.1 Eidik  Sqetikìthta . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Qwroqrìnoc . . . . . . . . . . . . . . . . . . . . . . . . 2
1.1.2 K¸noi Fwtìc . . . . . . . . . . . . . . . . . . . . . . . 5
1.1.3 Idiìqronoc &Diastol  tou Qrìnou . . . . . . . . . . . 6
1.1.4 Metasqhmatismìc Lorentz . . . . . . . . . . . . . . . . 6
1.1.5 Mhqanik  sthn eidik  sqetikìthta . . . . . . . . . . . . 8
1.1.6 H Arq  Metabol¸n kai Fwteinèc AktÐnec . . . . . . . . 11

1.2 Genik  Sqetikìthta . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.1 Kampulwmènoc Qwroqrìnoc . . . . . . . . . . . . . . . 13
1.2.2 Gewdaitikèc Exis¸seic . . . . . . . . . . . . . . . . . . 13
1.2.3 Mia anafor� sth metrik  Schwarzschild . . . . . . . . 15
1.2.4 Melanèc Opèc . . . . . . . . . . . . . . . . . . . . . . . 16

2 Metrik  Kerr 17
2.1 OrÐzontac Melan c Op c Kerr . . . . . . . . . . . . . . . . . . 19

2.1.1 Frame Dragging . . . . . . . . . . . . . . . . . . . . . 22
2.2 Ergìsfaira &Ergoperioq  . . . . . . . . . . . . . . . . . . . . 23

2.2.1 Statikìc &AkÐnhtoc Parathrht c . . . . . . . . . . . . 24
2.3 Paragwg  Enèrgeiac . . . . . . . . . . . . . . . . . . . . . . . 25
2.4 H metrik  Kerr se suntagmènec Kerr-Schild . . . . . . . . . . 26

3 Gewdaitikèc Exis¸seic thc metrik c Kerr 28
3.1 Gewdaitikèc sto epÐpedo tou IshmerinoÔ . . . . . . . . . . . . . 29

3.1.1 Dunamik� gewdaitik¸n sto epÐpedo tou ishmerinoÔ . . . 31
3.1.2 FwtoeideÐc Gewdaitikèc . . . . . . . . . . . . . . . . . . 33
3.1.3 Qronoeid c Gewdaitikèc . . . . . . . . . . . . . . . . . . 35

3.2 Genikèc Exis¸seic KÐnhshc Gewdaitik¸n . . . . . . . . . . . . . 37

4 Mèjodoc arijmhtik c Olokl rwshc Runge-Kutta 39

5 An�lush Apotelesm�twn 43

Aþ Par�rthma 60

iii



1 Eidik  & Genik  JewrÐa thc Sqetikìth-

tac

O Albert Einstein, metaxÔ diafìrwn jem�twn, asqol jhke ekten¸c me
thn barÔthta -mÐa apì tic tèsseric jemeli¸deic dun�meic. Odhg jhke sthn
an�ptuxh thc genik c jewrÐac thc sqetikìthtac, h opoÐa èktote èqei sumb�l-
lei shmantik� sthn katanìhsh kosmologik¸n kai astronomik¸n fainomènwn.
Qronik�, h eidik  jewrÐa thc sqetikìthtac  rje pr¸th, to 1905, kai sqedìn
kateujeÐan o Einstein jèlhse na eis�gei th barÔthta sth jewrÐa tou, kai ètsi
na katal xei to 1915 sth genik  sqetikìthta.

Xekin¸ntac apì thn eidik  jewrÐa thc sqetikìthtac, blèpoume plèon diafo-
retik� ton q¸ro, ton qrìno kai thn sqèsh metaxÔ Ôlhc kai enèrgeiac. Kaj¸c,
h jewrÐa, parèqei to plaÐsio gia thn perigraf  thc sumperifor�c swm�twn
pou kinoÔntai me taqÔthtec kont� se aut n tou fwtìc.

Oi basikèc thc arqèc eÐnai:

1. H Arq  thc Sqetikìthtac: Oi nìmoi thc fusik c ja eÐnai Ðdioi se ìla ta
diaforetik� adraneiak� sust mata anafor�c.

2. H Arq  thc Amet�blhthc TaqÔthtac tou fwtìc: To fwc ja diadÐdetai
sto kenì me stajer  taqÔthta c gia ìlouc tou parathrhtèc, anexart twc
apì to eÐdoc kÐnhshc thc fwtein c phg c.

1.1 Eidik  Sqetikìthta

O progenèsterìc tou, o NeÔtwnac, jewreÐ apìluto ton qrìno k�je para-
thrht , en¸ o Einstein b�zei thn ènnoia tou sqetikoÔ qrìnou kai idioqrìnou
stic exis¸seic kÐnhshc twn swm�twn.

SÔmfwna, loipìn, me ton pr¸to nìmo tou NeÔtwna, èna eleÔjero s¸ma
(s¸ma sto opoÐo den energoÔn dun�meic) kineÐtai se eujeÐa gramm  me sta-
jer  taqÔthta. H {metafor�} aut c thc eujeÐac gramm c ston trisdi�stato
EukleÐdeio q¸ro, eÐnai to stoiqeÐo m kouc pou kajorÐzetai apì Kartesianèc
suntetagmènec

dS2 = dx2 + dy2 + dz2 (1)

kai dÐnei thn apìstash dS metaxÔ shmeÐwn pou apèqoun apeirost� stoiqei¸dh
diast mata dx, dy kai dz tou epÐpedou (flat) q¸rou. Gia thn perigraf  twn ki-
n sewn o parathrht c epilègei èna sÔsthma suntetagmènwn, to opoÐo parèqei
èna sÔsthma anafor�c (reference frame). Up�rqoun poll� pijan� sust mata
suntetagmènwn pou mporoÔn na qrhsimopoihjoÔn wc sust mata anafor�c, ta
opoÐa mporeÐ na kinoÔntai omal�, epitaqunìmena, na èqoun peristrof    kai
sunduasmoÔc twn parap�nw.
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Den eÐnai ìmwc ìla ta sust mata anafor�c to Ðdio qr sima. To sÔsthma
suntetagmènwn pou ja mac apasqol sei onom�zetai adraneiakì sÔsthma ana-
for�c (inertial frame). 'Enac parathrht c mèsa se èna tètoio sÔsthma mporeÐ
na anakalÔyei mÐa par�metro t, ìpou oi jèseic twn eleÔjerwn swmatidÐwn ja
metab�llontai me stajeroÔc rujmoÔc wc proc aut n. H par�metroc aut  eÐnai
o qrìnoc. MporoÔme ètsi na anadiamorf¸soume ton pr¸to nìmo tou NeÔtwna
¸ste h kÐnhsh opoioud pote swmatidÐou na perigr�fetai wc sun�rthsh tou
qrìnou me thn epit�qunsh na eÐnai mhdenik .

d2x

dt2
= 0,

d2y

dt2
= 0,

d2z

dt2
= 0 (2)

Blèpontac autì mporoÔme na poÔme pwc sust mata anafor�c aut c thc
morf c kajorÐzontai kai wc Kartesian� sust mata anafor�c. P�rauta, ìla
ta diaforetik� Kartesian� sust mata den apoteloÔn aparaÐthta adraneiakì
sÔsthma anafor�c. Kai antÐstoiqa up�rqoun poll� adraneiak� sust mata
anafor�c, ìpou eÐnai epijumhtì na brejeÐ ènac trìpoc sÔndeshc metaxÔ touc.
'Enac trìpoc eÐnai o metasqhmatismìc suntetagmènwn. 'Eqoume metasqhma-
tismoÔc wc proc th metatìpish, strof  kat� gwnÐa kai omalèc kin seic. Oi
opoÐoi perigr�foun touc trìpouc gia ton prosdiorismì thc jèshc twn shmeÐwn.

'Oson afor� to qrìno, eidik� sth Neut¸neia mhqanik , up�rqei h ènnoia
tou apìlutou qrìnou metaxÔ diaforetik¸n adraneiak¸n susthm�twn anafor�c.
Kai metaxÔ dÔo susthm�twn pou kinoÔntai me omal  taqÔthta to èna wc proc
to �llo, èrqetai o Metasqhmatismìc tou Lorentz . Na shmeiwjeÐ pwc aut  h
je¸rhsh egkataleÐpetai sthn eidik  sqetikìthta.

x′ = x− ut,

y′ = y,

z′ = z, (3)

t′ = t

1.1.1 Qwroqrìnoc

H idèa tou  tan na mporèsei na exhg sei thn barÔthta me gewmetrikoÔc
ìrouc enopoi¸ntac ton q¸ro kai ton qrìno ston tetradi�stato qwroqrìno.
Eidikìtera, proteÐnei pwc h parousÐa meg�lhc m�zac kampul¸nei th gewmetrÐa
geitonikoÔ qwroqrìnou kai ìti, apousÐa �llwn dun�mewn, oi troqièc twn sw-
m�twn ja diagr�foun eujeÐa mèsa ston kampulwmèno qwroqrìno, dhlad  o
1oc Nìmoc tou NeÔtwna paramènei amet�blhtoc.

Gia thn kalÔterh perigraf  tou qwroqrìnou qrhsimopoioÔme ta qwroqro-
nik� diagr�mmata (spacetime diagram), pou eÐnai diagr�mmata dÔo axìnwn, me
ton ènan na antiproswpeÔei ton trisdi�stato q¸ro kai ton �llon ton qrìno,
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antÐstoiqa. 'Ena shmeÐo P -pou ja onom�zetai gegonìc (event), efìson a-
naparist� èna gegonìc pou sumbaÐnei se sugkekrimèno tìpo mÐa sugkekri-
mènh stigm - ja èqei suntetagmènec se k�poio adraneiakì sÔsthma anafor�c
(tP , xP , yP , zP ) kai h kampÔlh pou ja diagr�fei èna swmatÐdio onom�zetai ko-
smik  gramm  (worldline).

Sq ma 1: Qwroqronikì di�gramma pou apeikonÐzei mia disdi�stath tom  enìc tetradi�statou
qwroqrìnou kai to gegonìc P . [1]

To basikì komm�ti thc eidik c sqetikìthtac, t¸ra, eÐnai h gewmetrÐa tou
qwroqrìnou. 'Opwc eÐdame parap�nw, h gewmetrÐa kajorÐzetai apì to stoi-
qei¸dec m koc dÔo geitonik¸n shmeÐwn. MÐa bo jeia sth dhmiourgÐa tou eÐnai
to parak�tw nohtikì peÐrama.

Up�rqoun dÔo par�llhla k�toptra, se apìstash L metaxÔ touc, se k�poio
adraneiakì sÔsthma anafor�c. To sÔsthma brÐsketai se èna qwroqronikì
di�gramma kai perigr�fetai me tic suntetagmènec (t, x, y, z). Ta k�toptra eÐnai
topojethmèna ìpwc sto sq ma 2 kai eÐnai akÐnhta. 'Enac fwteinìc palmìc
anaphd� metaxÔ touc kai èna rolìi metr� to qronikì di�sthma ∆t, metaxÔ tou
gegonìtoc A kai C, thc anaq¸rhshc tou palmoÔ kai thc epistrof c tou sto
Ðdio shmeÐo tou q¸rou, antÐstoiqa. Opìte ta diast mata twn suntetagmènwn
eÐnai

∆t = 2L/c, ∆x = ∆y = ∆z = 0 (4)

To nohtikì peÐrama pou perigr�yame parap�nw to b�zoume se kÐnhsh, me
taqÔthta V wc proc to adraneiakì sÔsthma (t, x, y, z) kat� m koc thc ar-
nhtik c dieÔjunshc x, par�llhla sta k�toptra. Ta gegonìta se autì to
adraneiakì sÔsthma ja eÐnai (t′, x′, y′, z′), ìpou to x′ eÐnai par�llhlo sto x,
kok. To fwc, metaxÔ thc ekpomp c apì to A sto C ja dianÔsei apìstash
∆x′ = V∆t′ sth dieÔjunsh x′. Sthn dieÔjunsh y dianÔei apìstash L, u-
pojètoume ed¸ pwc oi k�jetec apost�seic eÐnai Ðsec kai sta dÔo sust mata
anafor�c. 'Ara, h sunolik  apìstash pou dianÔei o o fwteinìc palmìc metaxÔ
thc ekpomp c kai thc l yhc tou eÐnai Ðsh me 2[L2 + (∆x′/2)2]1/2. JewroÔme
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Sq ma 2: Ta k�toptra apeikonÐzontai sto aristerì mèroc tou sq matoc, eÐnai topojethmèna
par�llhla kai brÐskontai se hremÐa. 'Enac fwteinìc palmìc diadÐdetai metaxÔ touc kai èna
rolìi metr� to ∆t apì to shmeÐo A → B → C. H kosmik  gramm  faÐnetai sto dexÐ mèroc
tou sq matoc. [1]

thn taqÔthta na eÐnai h taqÔthta tou fwtìc c, kai tìte ta diast mata twn
suntetagmènwn se autì to sÔsthma ja eÐnai

∆t′ =
2

c

√
L2 +

(∆x′

2

)2

, ∆x′ = V∆t′, ∆y′ = 0, ∆z′ = 0 (5)

Apì tic (4) kai (5) prokÔptei

−(c∆t′)2 + (∆x′)2 = −4[L2 + (∆x′/2)2] + (∆x′)2 = −4L2 = −(c∆t)2

Aut  h sqèsh ja mac bohj sei na broÔme to stoiqeÐo tou m kouc, efìson
ìla ta diast mata eÐnai mhdenik� kai sta dÔo sust mata anafor�c, prosjètou-
me kai ta dÔo mèlh thc kai katal goume pwc o parak�tw sunduasmìc eÐnai Ðdioc
kai sta dÔo sust mata anafor�c

(∆s)2 = −(c∆t)2 + (∆x)2 + (∆y)2 + (∆z)2

To parap�nw apodeiknÔetai ìti isqÔei kai se genikìtero plaÐsio, efìson
apì dÔo diaforetik� adraneiak� sust mata katal goume sto Ðdio (∆s)2, �ra
aut  h posìthta paramènei analloÐwth k�tw apì metasqhmatismoÔc. 'Etsi,
ja orÐsoume thn apìstash metaxÔ dÔo shmeÐwn sto qwroqrìno (stoiqeÐo tou
m kouc), pou ja eÐnai Ðdia se ìla ta sust mata suntetagmènwn kai ja èqoun
thn idiìthta tou analloÐwtou. Kai orÐzoume ètsi to stoiqeÐo m kouc tou
epÐpedou qwroqrìnou:

ds2 = −(cdt)2 + dx2 + dy2 + dz2 (6)
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Autì ja perigr�fei th gewmetrÐa tou tetradi�statou qwroqrìnou kai lìgw
tou arnhtikoÔ prìshmou den ja perigr�fei EukleÐdeia gewmetrÐa, kaj¸c para-
mènei epÐpedh parìla aut�. Anafèretai sun jwc wc epÐpedoc qwroqrìnoc (flat
spacetime)   q¸roc Minkowski (Minkowski space).

1.1.2 K¸noi Fwtìc

Anafèrame pwc lìgw tou arnhtikoÔ prìshmou tou ìrou (c∆t)2, h gew-
metrÐa den eÐnai mÐa tetradi�stath EukleÐdeia gewmetrÐa. To tetr�gwno thc
apìstashc metaxÔ dÔo shmeÐwn mac dÐnei jetik , arnhtik    mhdenik  lÔsh.
AntÐstoiqa, ìtan to (∆s)2 eÐnai jetikì, tìte lème pwc ta shmeÐa tou q¸rou
eÐnai qwroeid¸c qwrismèna (spacelike separated), ìtan eÐnai arnhtikì qronoei-
d¸c qwrismèna (timelike separated) kai ìtan eÐnai Ðso me to mhdèn fwtoeid¸c
qwrismèna (null or lightlike separated). SunoyÐzontac, gr�foume:

(∆s)2 > 0 qwroeid¸c qwrismèna

(∆s)2 = 0 fwtoeid¸c qwrismèna

(∆s)2 < 0 qronoeid¸c qwrismèna

K¸noc fwtìc (light cone) enìc shmeÐou P , onom�zetai o gewmetrikìc tìpoc
ìlwn twn shmeÐwn pou eÐnai fwtoeid¸c qwrismèna apì èna shmeÐo P , kai e-
Ðnai mia trisdi�stath epif�neia ston tetradi�stato qwroqrìno. Ta mèrh tou
eÐnai o mellontikìc k¸noc fwtìc (future light cone) pou par�getai apì tic
aktÐnec fwtìc pou exèrqontai apì to shmeÐo kai o pareljontikìc k¸noc fwtìc
(past light cone), apì aktÐnec pou sugklÐnoun sto P . K�je shmeÐo P tou
qwroqrìnou èqei ènan k¸no fwtìc, oi opoÐoi apoteloÔn shmantikì komm�ti
thc gewmetrÐac tou qwroqrìnou. Ta shmeÐa pou eÐnai qronoeid¸c kai qwroei-
d¸c qwrismèna me to shmeÐo, brÐskontai entìc kai ektìc tou k¸nou fwtìc,
antistoÐqwc.

Oi aktÐnec fwtìc kinoÔntai mèsa ston qwroqrìno se diadromèc me stajer 
klÐsh pou analogeÐ me thn taqÔthta tou fwtìc, �ra h dieÔjuns  touc sumpÐptei
me aut  twn fwtoeid¸n kosmik¸n gramm¸n. EÐnai oi eujeÐec grammèc pou
pern�ne apì to shmeÐo P kai ef�ptontai ston k¸no fwtìc, gia k�je shmeÐo
P . SwmatÐdia me mh mhdenik  m�za hremÐac pou kinoÔntai kat� m koc twn
qronoeid¸n kosmik¸n gramm¸n se k�je shmeÐo thc troqi�c touc brÐskontai
exolokl rou entìc tou k¸nou fwtìc. 'Etsi, h taqÔtht� touc, se k�je shmeÐo,
eÐnai mikrìterh apì aut  tou fwtìc.

Epomènwc, oi k¸noi fwtìc oriojetoÔn tic aitiakèc sqèseic metaxÔ twn
shmeÐwn-gegonìtwn. 'Etsi, to gegonìc P mporeÐ na ephre�sei mìno shmeÐa
pou brÐskontai entìc tou mellontikoÔ k¸nou fwtìc,   to polÔ, p�nw tou kai
ìqi aut� pou eÐnai ektìc autoÔ. AntÐstoiqa, sto gegonìc mporeÐ na staljeÐ
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plhroforÐa mìno apì ta shmeÐa entìc tou pareljontikoÔ k¸nou fwtìc,   to
polÔ, ekeÐna pou eÐnai p�nw tou.

Gia th mètrhsh thc apìstashc dÔo geitonik¸n shmeÐwn kat� m koc mÐac
qronoeidoÔc kosmik c gramm c enìc swmatidÐou (ds2 < 0), eis�goume to mège-
joc tou idioqrìnou (proper time) dτ , to opoÐo eÐnai pragmatikìc arijmìc me
diast�seic qrìnou. Ja mporoÔsame na to fantastoÔme wc èna rolìi pou ki-
neÐtai kat� m koc thc kampÔlhc kai metr� thn apìstash τ .

dτ 2 ≡ −ds2/c2 (7)

1.1.3 Idiìqronoc & Diastol  tou Qrìnou

Apì th gewmetrÐa tou qwroqrìnou sthn eidik  sqetikìthta prokÔptoun
di�forec sunèpeiec, me mÐa apì autèc na eÐnai h diastol  tou qrìnou (time
dilation).

Sto tèloc thc prohgoÔmenhc enìthtac, anafèrame ton idioqrìno, kai jèlou-
me t¸ra na ton upologÐsoume wc τAB metaxÔ dÔo tuqaÐwn shmeÐwn A kai B
sth dieÔjunsh miac qronoeidoÔc kosmik c gramm c. Ja gÐnei olokl rwsh sto
stoiqei¸dec tm ma pou èqoume (6) kai (7)

τAB =

∫ B

A

dτ =

∫ B

A

[dt2 − (dx2 + dy2 + dz2)/c2]1/2

=

∫ tB

tA

dt

{
1− 1

c2

[(
dx

dt

)2

+

(
dy

dt

)2

+

(
dz

dt

)2
]}1/2

Pio sunoptik� gr�foume:

τAB =

∫ tB

tA

dt′
[
1− V⃗ 2(t′)/c2

]1/2
(8)

To opoÐo perigr�fei to fainìmeno thc diastol c tou qrìnou, kaj¸c to√
1− V⃗ 2/c2 eÐnai mikrìtero thc mon�dac (efìson h taqÔthta V⃗ eÐnai p�nta

mikrìterh thc taqÔthtac tou fwtìc) kai �ra o idiìqronoc eÐnai mikrìteroc apì
to ∆t. Gia arket� mikr� qronik� diast mata ∆t, tìso mikr� pou h taqÔthta
na jewreÐtai stajer  qrhsimopoioÔme thn diaforik  èkfrash thc (8):

dτ = dt

√
1− V⃗ 2/c2 (9)

1.1.4 Metasqhmatismìc Lorentz

Sthn enìthta 1.1 anafèrame p¸c sth Neut¸neia mhqanik  qrhsimopoioÔme
touc metasqhmatismoÔc kai eidik� ton metasqhmatismì tou GalilaÐou (3) gia
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na katal�boume pwc sundèontai ta adraneiak� sust mata anafor�c metaxÔ
touc. Oi metatopÐseic kai oi strofèc kat� gwnÐa efarmìzontai kai sthn ei-
dik  sqetikìthta ìpwc parap�nw, ìmwc up�rqoun diaforopoi seic gia touc
metasqhmatismoÔc qwroqronik¸n suntetagmènwn.

Sthn eidik  sqetikìthta, h gewmetrÐa tou qwroqrìnou, kajorÐzetai apì to
stoiqeÐo m kouc (6), me suntetagmènec (t, x, y, z) pou orÐzoun èna adraneiakì
sÔsthma anafor�c. Apì thn arq  thc sqetikìthtac to stoiqeÐo m kouc ofeÐlei
na paramènei Ðdio se ìla ta diaforetik� adraneiak� sust mata anafor�c me
suntetagmènec (t′, x′, y′, z′). Oi metasqhmatismoÐ (t, x, y, z) → (t′, x′, y′, z′)
lègontai metasqhmatismoÐ Lorentz (Lorentz transformations).

To stoiqeÐo m kouc gia ton EukleÐdeio q¸ro paramènei amet�blhto k�tw
apì metatopÐseic kai peristrofèc twn suntetagmènwn, ètsi qreiazìmaste me-
tasqhmatismoÔc pou na mac deÐqnoun ton trìpo metabol c metaxÔ tou qrìnou
kai tou q¸rou se dÔo diaforetik� sust mata anafor�c, pou na diathr¸ to
ds2. Gia par�deigma, oi prowj seic Lorentz (Lorentz boosts), eÐnai ta an�loga
strof¸n sto epÐpedo tou (ct, x). EÐnai metasqhmatismoÐ metaxÔ twn sunte-
tagmènwn (t, x, y, z) kai (t′, x′, y′, z′) me ta y kai z na paramènoun amet�blhta:

ct′ = (cosh θ)(ct)− (sinh θ)x, (10aþ)

x′ = (− sinh θ)(ct) + (cosh θ)x, (10bþ)

y′ = y, (10gþ)

z′ = z, (10dþ)

me to θ ∈ (-∞,+∞). PolÔ eÔkola apodeiknÔetai pwc o metasqhmatismìc
autìc diathreÐ analloÐwto to stoiqeÐo m kouc (6). Gia swmatÐdio se hremÐa
sto (x′ = 0) me x = vt kai apì thn (10bþ) katal goume sto:

v = c tanh θ

Akìma, apì th (9), upologÐzoume thn posìthta γ:

dτ

dt
=

(
1− v2

c2

)1/2

⇒ dt

dτ
=

(
1− v2

c2

)−1/2

≡ γ (11)

Kai me ìla ta parap�nw kai thn qr sh thc tautìthtac cosh2 θ−sinh2 θ = 1,
ja apaleÐyoume ton ìro θ apì tic (10). Opìte katal goume stic sqèseic:

t′ = γ(t− ux/c2),

x′ = γ(x− ut),

y′ = y,

z′ = z

7



O metasqhmatismìc Lorentz apoteleÐ ousiastikì mèroc thc eidik c sqeti-
kìthtac kai eÐnai aparaÐthtoc gia thn katanìhsh kai perigraf  twn fusik¸n
fainomènwn se diaforetik� sust mata anafor�c.

1.1.5 Mhqanik  sthn eidik  sqetikìthta

Sto parìn kef�laio ja exhg soume th mhqanik  kai ta di�fora majhmatik�
ergaleÐa pou qrhsimopoioÔntai ¸ste na mporèsoume na perigr�youme thn eidik 
sqetikìthta ston tetradi�stato qwroqrìno.

To tetr�nusma (four-vector) orÐzetai san èna prosanatolismèno eujÔgram-
mo tm ma ston tetradi�stato qwroqrìno. K�ti antÐstoiqo, ston trisdi�stato
EukleÐdeio q¸ro, eÐnai ta dianÔsmata. Ta tetranÔsmata anaparist¸ntai me
èntonh graf , p.q. a. Ta gr�foume san ènan grammikì sunduasmì apì tetra-
nÔsmata b�shc:

a = atet + axex + ayey + azez

AntÐ na sumbolÐzoume ta tetranÔsmata b�shc me ta et, ex, ey kai ez mporo-
Ôme, isodÔnama, na k�noume qr sh twn e0, e1, e2, e3 kai telik� na ta gr�youme
san ènan grammikì sunduasmì, qrhsimopoi¸ntac th sÔmbash �jroishc, thc
opoÐac h parousÐa twn epanalambanìmenwn deikt¸n upodhl¸nei thn �jrois 
touc:

a =
3∑

α=0

aαeα → a = aαeα

Ta tetranÔsmata akoloujoÔn kanìnec pou èqoume kai gia ta dianÔsmata.
Apì autoÔc, polÔ shmantikì eÐnai to eswterikì ginìmeno (scalar product),
pou sumbolÐzetai a · b. IkanopoioÔntai ìloi oi majhmatikoÐ kanìnec gia to
eswterikì ginìmeno, kai efìson ta tetranÔsmat� mac gr�fontai wc a = aαeα
kai b = bβeβ, tìte

a · b = (aαeα) · (bβeβ) = (eα · eβ)aαbβ = ηαβa
αbβ

'Opou to ηαβ ≡ eα ·eβ onom�zetai metrik  (metric) tou epÐpedou qwroqrìnou,
kai kajorÐzetai apait¸ntac to tetr�gwno thc apìstashc na isoÔtai me (∆s)2 =
∆x ·∆x = ηαβ∆xα∆xβ. Tìte isqÔei ηαβ = ηβα kai èqoume:

ηαβ =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (12)

H metrik  anaparÐstatai, loipìn, apì ènan summetrikì diag¸nio pÐnaka
kai qrhsimopoi¸ntac thn mporoÔme na gr�youme to stoiqeÐo m kouc epÐpedou
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qwroqrìnou, wc ex c:
ds2 = ηαβdx

αdxβ (13)

Efìson, èqoume eis�gei thn ènnoia twn tetranusm�twn, proqwr�me sthn
perigraf  thc kÐnhshc enìc swmatidÐou ston {qwroqrìno}, dhlad  ja mele-
t soume thn kinhmatik  sthn eidik  sqetikìthta. SÔmfwna me ta parap�nw to
tetr�nusma thc metatìpishc orÐzetai wc

x = (ct, x, y, z)

JewroÔme, t¸ra, èna swmatÐdio pou akoloujeÐ mÐa qronoeid  kosmik  gram-
m  sto qwroqrìno. Gia na perigr�youme thn kampÔlh pou diagr�fei to sw-
matÐdio stic tèsseric diast�seic, mac eÐnai idiaÐtera qr simoc o idiìqronoc τ .
'Etsi, h kosmik  gramm  ja perigr�fetai apì tic: xα = xα(τ).

H tetrataqÔthta (four-velocity) eÐnai to tetr�nusma u, pou orÐzetai wc

uα =
dxα

dτ
(14)

kai, apì ton orismì thc, h u ja eÐnai efaptomenik  se k�je shmeÐo thc ko-
smik c gramm c ìpwc thn akoloujeÐ to swmatÐdio. Eis�gontac to tetr�nusma
thc metatìpishc kai qrhsimopoi¸ntac thn (11), h tetrataqÔthta ja p�rei thn
parak�tw morf :

uα = (c
dt

dτ
,
dx⃗

dτ
) = (c

dt

dτ
,
dx⃗

dt

dt

dτ
) ⇒ uα = (cγ, γV⃗ ) (15)

Mia �mesh sunèpeia thc exÐswshc thc tetrataqÔthtac parap�nw, eÐnai h ka-
nonikopoÐhs  thc, dhlad  to eswterikì ginìmeno tou u me ton eautì tou

u · u = −c2γ2 + γ2V 2 = γ2(V 2 − c2) =

(
1− V 2

c2

)−1

(V 2 − c2) = −c2

PaÐrnontac apì tic fusikèc mon�dec to c = 1, gr�foume thn tetrataqÔth-
ta ìpwc parak�tw, kai blèpoume pwc eÐnai p�nta èna monadiaÐo qronoeidèc
tetr�nusma.

u · u = −1 (16)

To epìmeno b ma eÐnai na doÔme thn tetra-epit�qunsh (four-acceleration)
a, pou orÐzetai wc

a ≡ du

dτ
(17)
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O pr¸toc nìmoc tou NeÔtwna isqÔei tìso sthn sqetikistik  ìso kai sth
mh sqetikistik  mhqanik , dhlad  p¸c èna s¸ma pou brÐsketai se hremÐa ja
paramènei sthn hremÐa   ja kineÐtai me stajer  taqÔthta, efìson den tou
askoÔntai dun�meic:

m
du

dτ
= 0

SÔmfwna me ton deÔtero nìmo tou NeÔtwna gia thn exÐswsh kÐnhshc, ¸ste
na èqei thn Ðdia morf  se ìla ta diaforetik� adraneiak� sust mata anafor�c,
ja thn gr�youme wc ex c: f = ma, ìpou me m sumbolÐzoume th m�za hremÐac
(rest mass) kai to f , antÐstoiqa, eÐnai h tetra-dÔnamh (four-force). Apì thn
kanonikopoÐhsh thc tetra-taqÔthtac prokÔptei to parak�tw, to opoÐo mac
deÐqnei pwc up�rqoun mìno treic anex�rthtec exis¸seic kÐnhshc, ìpwc kai sth
neut¸neia mhqanik ,

f · u = m
d(u · u)

dτ
⇒ f · u = 0.

'Etsi, odhgoÔmaste t¸ra na doÔme ti gÐnetai sth sqetikistik  mhqanik 
me thn enèrgeia kai thn orm  enìc s¸matoc. OrÐzoume thn tetra-orm  (four-
momentum) kai morfopoioÔme thn exÐswsh kÐnhshc.

p = mu &
dp

dτ
= f

Apì ton orismì thc orm c gr�foume tic sunist¸sec thc sÔmfwna me thn

(15), kai �ra h tetra-orm  anaparist�tai kai wc: pα = (mγ,mγV⃗ ). Akìma
prokÔptei, apì ton orismì kai thn kanonikopoÐhsh sthn tetra-orm ,

p2 = p · p = −m2 (18)

Gia taqÔthtec V ≪ 1 oi sunist¸sec thc tetra-orm c gr�fontai

p = (m+ 1
2
mV⃗ 2 + ...,mV⃗ + ...)

Dhlad , h pt ja an�getai sthn kinhtik  enèrgeia prosjètontac th m�za hremÐac
kai to p⃗, antistoÐqwc sthn orm  thc klassik c mhqanik c. Sunep¸c, mporoÔme
na to onom�soume kai tetr�nusma enèrgeia-orm c, gr�fontac

p = (E, p⃗). (19)

Qrhsimopoi¸ntac thn kanonikopoÐhsh, apì parap�nw, ja lÔsoume wc proc
thn enèrgeia gia thn sqèsh

E =
√
m2 + p⃗2. (20)
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1.1.6 H Arq  Metabol¸n kai Fwteinèc AktÐnec

'Opwc sth neut¸neia mhqanik  up�rqei h arq  akrìtathc dr�shc gia thn
perigraf  thc kÐnhshc enìc eleÔjerou swmatidÐou, ètsi antÐstoiqa h sqetiki-
stik  mhqanik  èqei thn arq  metabol¸n (variational principle), ìpou gia èna
eleÔjero swmatÐdio pou diagr�fei kosmik  gramm  an�mesa se dÔo qronoei-
d¸c diaqwrismèna shmeÐa, parousi�zei akrìtato ston idiìqrono metaxÔ touc.
'Estw aut� ta shmeÐa eÐnai ta A kai B sto qwroqrìno gia mia tuqaÐa kampÔlh,
h tim  tou idioqrìnou eÐnai:

τAB =

∫ B

A

dτ =

∫ B

A

[dt2 − dx2 − dy2 − dz2]1/2 (21)

'Estw, t¸ra, mia par�metroc σ pou ja orÐzetai sto [0, 1], gia thn kosmik 
gramm  pou pern�ei apì to A kai B, h parap�nw exÐswsh gr�fetai wc

τAB =

∫ 1

0

dσ

[(
dt

dσ

)2

−
(
dx

dσ

)2

−
(
dy

dσ

)2

−
(
dz

dσ

)2
]1/2

. (22)

Autì pou jèloume, eÐnai ekeÐnh h kampÔlh pou to τAB ja parousi�zei a-
krìtato, dhlad  arkeÐ na anazht soume thn kosmik  gramm  gia thn opoÐa mia
apeirost  metabol  δxα(σ) ja odhg sei se mhdenik  metabol  tou idioqrìnou.
To prìblhma autì eÐnai an�logo me th Lagkrazian  sthn klassik  mhqanik ,
miac kai oi exis¸seic Lagrange dÐnoun thn anagkaÐa sunj kh gia thn Ôparxh
akrìtatou shmeÐou. 'Ara, oi exis¸seic eÐnai

− d

dσ

(
∂L

∂(dxα/dσ)

)
+

∂L
∂xα

= 0 (23)

kai h Lagkrazian 

L =

[(
dt

dσ

)2

−
(
dx

dσ

)2

−
(
dy

dσ

)2

−
(
dz

dσ

)2
]1/2

(24)

EpilÔontac thn (23) gia ta di�fora xα ja p�roume tic exis¸seic kÐnhshc gia
èna eleÔjero swmatÐdio ston epÐpedo qwroqrìno:

d2xα

dτ 2
= 0. (25)
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SunoyÐzontac gia thn eidik  sqetikìthta, ja anaferjoÔme stic fwteinèc
aktÐnec (light rays). Dhlad , ja asqolhjoÔme me swmatÐdia mhdenik c m�zac
pou kinoÔntai me thn taqÔthta tou fwtìc, V = 1, kai kat� m koc fwtoeid¸n
kosmik¸n gramm¸n. Up�rqoun di�fora tètoia swmatÐdia, mac apasqoloÔn
ìmwc, ta fwtìnia.

Sthn prokeimènh, o idiìqronoc den mporeÐ na qrhsimopoihjeÐ san par�me-
troc, afoÔ h apìstash metaxÔ dÔo opoiond pote shmeÐwn sthn kosmik  gramm 
ja eÐnai mhdenik . Gi autì, gia thn tuqaÐa kampÔlh, x = t qrhsimopoioÔme thn
par�metro λ kai gr�foume

xα = uαλ,

pou to uα = (1, 1, 0, 0), kai na isqÔei uα = dxα/dλ. 'Omwc, to u eÐnai fwtoeidèc
di�nusma kai apì thn kanonikopoÐhs  tou èqoume u ·u = 0. Gia thn par�metro,
akìma, prèpei na isqÔei kai h exÐswsh thc kÐnhshc, h opoÐa eÐnai ìmoia me ekeÐnh
twn swmatidÐwn,

pµ =
duµ

dλ
.

'Opwc kai ta swmatÐdia, ètsi kai ta fwtìnia èqoun enèrgeia kai orm , sun-
dèontai bèbaia me thn suqnìthta di�doshc touc, E = ℏω. Akìma, gia thn orm 
V⃗ = p⃗/E kai apì to |V⃗ | = 1, gia èna fwwtìnio |p⃗| = E kai tìte h orm  ja
gr�fetai

p⃗ = ℏk⃗,

ìpou to k⃗ onom�zetai kumat�nusma me mètro |⃗k| = ω. Kai telik� oi sunist¸sec
thc tetra-orm c enìc fwtonÐou se adraneiakì sÔsthma ja ekfrastoÔn wc

pα = (E, p⃗) = (ℏω, ℏk⃗) = ℏkα,

me to k ja eÐnai to tetrakumat�nusma kai profan¸c ja isqÔei, p·p = k·k = 0.
SugkrÐnontac me thn (18), parathroÔme pwc ta fwtìnia èqoun mhdenik  m�za
hremÐac, ìpwc kai sumbaÐnei me ìla ta swmatÐdia pou kinoÔntai me thn taqÔthta
tou fwtìc.

1.2 Genik  Sqetikìthta

H jewrÐa thc eidik c sqetikìthtac, apoteleÐ mÐa epituqhmènh jewrÐa gia
thn perigraf  swm�twn se kajolik� adraneiak� sust mata anafor�c. Ei-
s�gontac, ìmwc, mia nèa je¸rhsh thc barÔthtac, ja proqwr soume sth genik 
jewrÐa thc sqetikìthtac kai parak�tw ja th melet soume.

Mia jemeli¸dhc arq  sth jewrÐa thc genik c sqetikìthtac eÐnai h arq  thc
isodunamÐac (equivalence principle), pou sÔmfwna me aut n ta apotelèsmata
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peiram�twn se mikr� ergast ria den ephre�zontai apì to ek�stote adraneia-
kì sÔsthma anafor�c, kai �ra h barutik  m�za kai h adraneiak  m�za eÐnai
posìthtec Ðsec. Dhlad , fainìmena ta opoÐa sumbaÐnoun se èna epitaqunìme-
no sÔsthma anafor�c, parathroÔntai kai prèpei na eÐnai ta Ðdia an autì  tan
akÐnhto -mèsa se èna omoiìmorfo barutikì pedÐo.

H barÔthta perigr�fetai san to apotèlesma thc kampulìthtac tou qw-
roqrìnou, h opoÐa prokaleÐtai epeid  h m�za kai h enèrgeia ephre�zoun thn
topik  gewmetrÐa.

1.2.1 Kampulwmènoc Qwroqrìnoc

Gia na mporèsei o Einstein na perigr�yei ton kampulwmèno qwroqrìno,
prèpei na up�rxei mÐa exÐswsh pou na susqetÐzei thn kampulìthta aut  me thn
phg , dhlad  h m�za   h enèrgeia, h opoÐa thn prokaleÐ. Aut  eÐnai h exÐswsh
Einstein (Einstein equation) kai eÐnai mÐa jemeli¸dhc exÐswsh thc klasik c
fusik c kai basik  exÐswsh thc genik c sqetikìthtac, kai paÐrnei th morf :

Rαβ − 1
2
gαβR = 8πGTαβ (26)

H parap�nw exÐswsh den ja mac apasqol sei sthn paroÔsa diplwmatik ,
opìte kai de ja proqwr soume sthn an�lus  thc. Mac endiafèrei h metrik 
gαβ h opoÐa ja eÐnai lÔsh thc (26),

ds2 = gαβ(x)dx
αdxβ. (27)

H metrik  gαβ(x) eÐnai ènac summetrikìc kai exarthmènoc apì thn ek�stote
jèsh tanust c. EmeÐc èqoume  dh dei th metrik  Minkowski apì ton epÐpedo
qwroqrìno thc eidik c sqetikìthtac, ηαβ = diag(−1, 1, 1, 1).

Sth sunèqeia, ja anaferjoÔme stic exis¸seic pou kajorÐzoun thn kÐnh-
sh twn swmatidÐwn kai twn fwtein¸n aktÐnwn ston kampulwmèno qwroqrìno.
Sthn prokeimènh ja mil soume gia dokimastik� tètoia swmatÐdia, ta opoÐa sth
genik  sqetikìthta anafèrontai wc eleÔjera   pou ekteloÔn eleÔjerh pt¸sh.

1.2.2 Gewdaitikèc Exis¸seic

'Opwc kai sthn eidik , ètsi kai sthn genik  sqetikìthta ta swmatÐdia ki-
noÔntai se kosmikèc grammèc pou eÐnai qronoeideÐc   fwtoeideÐc pantoÔ. Pa-
rìlo pou blèpoume na mhn èqoun idiaÐterec diaforèc, h kÐnhsh tou eleÔjerou
swmatidÐou ston kampulwmèno qwroqrìno diaforopoieÐtai apì ekeÐnhc enìc
swmatidÐou. O idiìqronoc kajorÐzetai apì th metrik :

τAB =

∫ B

A

[−gαβ(x)dx
αdxβ]1/2 (28)
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Gia thn perigraf  thc kÐnhshc paÐrnoume antÐstoiqec exis¸seic oi opoÐec
eÐnai oi gewdaitikèc exis¸seic (geodesic equations).

Sto komm�ti pou mil same gia thn arq  twn metabol¸n kai thn parou-
sÐa akrìtatou ston idiìqrono metaxÔ dÔo qronoeid¸c qwrismènwn shmeÐwn kai
katal xame mèsw thc exÐswshc Lagrange sthn (25), pwc eÐnai h exÐswsh kÐnh-
shc eleÔjerou swmatidÐou, eleÔjero ston epÐpedo qwroqrìno. Melet�tai to
Ðdio gia, t¸ra, dokimastikì swmatÐdio pou kineÐtai mèsa ston qwroqrìno pou
perigr�fetai apì thn metrik  gαβ(x) kai to stoiqeÐo m kouc (27).

Ja xekin soume, jewr¸ntac èna aplì par�deigma gia gewdaitikèc tou dis-
di�statou q¸rou prin genikeÔsoume. Gia thn eÔresh qronoeid¸n gewdaitik¸n
ston qwroqrìno, xekin�me apì ton idiìqrono (28). H kosmik  gramm  peri-
gr�fetai parametrik� apì tic tèsseric suntetagmènec tou xα sunart sei thc
paramètrou σ, pou èqoume dei metab�lletai apì [0, 1] sta antÐstoiqa �kra A
kai B.

τAB =

∫ 1

0

dσ

(
−gαβ(x)

dxα

dσ

dxβ

dσ

)1/2

AntÐstoiqa ekeÐnec oi kosmikèc grammèc pou o idiìqronoc parousi�zei akrìtato
ikanopoioÔn tic exis¸seic Lagrange (23) gia th Lagkrazian ,

L
(
dxα

dσ
, xα

)
=

(
−gαβ(x)

dxα

dσ

dxβ

dσ

)1/2

. (29)

Kai se k�poion tuqaÐo kampulwmèno qwroqrìno h genik  morf  twn exi-
s¸sewn, pou ja onom�zetai gewdaitik  exÐswsh, ja eÐnai,

d2xα

dτ 2
= −Γα

βγ

dxβ

dτ

dxγ

dτ
. (30)

H parap�nw exÐswsh eÐnai ousiastik� tèsseric exis¸seic, mÐa gia k�je tim 
tou deÐkth α. Ta Γα

βγ eÐnai ta sÔmbola Christoffel (Christoffel symbols), ta
opoÐa prokÔptoun apì thn metrik  kai tic pr¸tec parag¸gouc thc.

gαδΓ
δ
βγ = 1

2

(
∂gαβ
∂xγ

+
∂gαγ
∂xβ

− ∂gβγ
∂xα

)
(31)

'Otan h metrik  eÐnai diag¸nia, o upologismìc touc eÐnai arket� aplìc
kaj¸c ja up�rqei mìno ènac ìroc sto �jroisma sto aristerì mèloc. E�n den
eÐnai diag¸nia, tìte qrei�zetai kai to antÐstrofoc pÐnakac thc metrik c.

H gewdaitik  apoteleÐtai apì tèsseric sun jeic diaforikèc exis¸seic deu-
tèrou bajmoÔ, ìpou mac dÐnoun tic suntetagmènec kai th jèsh tou dokimastiko-
Ô swmatidÐou ston tetradi�stato qwroqrìno, sunart sei tou idiìqronou. An
eÐnai gnwstèc h arqik  jèsh kai arqik  tetra-taqÔthta, qrhsimopoi¸ntac te-
qnikèc arijmhtik c olokl rwshc, eÐnai dunatìn na brejeÐ h lÔsh thc exÐswshc
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kaj¸c kai h jèsh kai tetra-taqÔthta se metagenèsterec stigmèc tou idio-
qrìnou. Sthn an�lush thc gewdaitik c mac bohj�ne kai oi nìmoi diat rhshc
pou prokÔptoun mèsa apì summetrÐec ston qwroqrìno.

Mia apl  anafor� gia na diakrÐnoume k�poia summetrÐa sto qwroqrìno,
eÐnai h metrik  na parousi�zei anexarthsÐa wc proc mÐa suntetagmènh, èstw
x1, dhl.

∂1g(x) = 0,

tìte to di�nusma me sunist¸sec ξα = (0, 1, 0, 0), onom�zetai di�nusma Killing
(Killing vector) kai apoteleÐ genn tora thc summetrÐac. H Ôparxh summetrÐac
mac odhgeÐ se mia analloÐwth posìthta p�nw se mia gewdaitik . H analloÐwth
posìthta eÐnai h,

ξ · u = constant. (32)

1.2.3 Mia anafor� sth metrik  Schwarzschild

Gia na apokt soume mÐa eikìna twn ìswn èqoun anaferjeÐ ja gÐnei mia
anafor� se k�poion aploÔstero kampulwmèno qwroqrìno, miac kai autoÐ pa-
rousi�zoun th megalÔterh summetrÐa. O pio shmantikìc eÐnai thc gewmetrÐac
Schwarzschild, ìpou sunist� twn exwterikì q¸ro sfairik c phg c kampulìth-
tac ston kenì q¸ro, ìpwc gia par�deigma, èna sfairikì �stro kai ìqi mìno.
To ìnom� thc ofeÐletai ston Karl Schwarzschild pou to 1916 èluse thn e-
xÐswsh Einstein, apotel¸ntac kiìlac mÐa gewmetrÐa pou proseggÐzei me polÔ
kal  akrÐbeia thn kampulìthta sto exwterikì tou 'Hliou kai qrhsimopoieÐtai
eurèwc.

To stoiqeÐo m kouc thc gewmetrÐac sto kat�llhlo sÔsthma suntetag-
mènwn kai me c ̸= 1 perigr�fetai wc ex c,

ds2 = −
(
1− 2GM

c2r

)
(cdt)2 +

(
1− 2GM

cr

)−1

dr2

+r2(dθ2 + sin2 θdϕ2).

(33)

Oi suntetagmènec (t, r, θ, ϕ) onom�zontai suntetagmènec Schwarzschild kai
antÐstoiqa h metrik  gαβ(x) ja eÐnai h metrik  Schwarzschild. H metrik  èqei
qronik  anexarthsÐa, dhlad  tou t, kai to antÐstoiqo di�nusma Killing èqei
morf  ξα = (1, 0, 0, 0).

Efìson mil�me gia sfaÐra, up�rqei kai sfairik  summetrÐa. Tìte, h metrik 
kat� thn kateÔjunsh thc gwnÐa ϕ paramènei amet�blhth gia strofèc gÔrw apì
ton �xona z. Kai to antÐstoiqo di�nusma Killing aut c thc summetrÐac eÐnai,
ηα = (0, 0, 0, 1).

E�n o lìgoc GM/c2r eÐnai arket� mikrìc, tìte o suntelest c dr2 sto
stoiqeÐo m kouc mporeÐ na anaptuqjeÐ wc

(
1 + 2GM

c2r

)
, kai autì sunep�getai
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pwc h metrik  tou ds2 èqei Ðdia morf  me ekeÐnh gia statikì asjenèc barutikì
pedÐo.

ds2 = −
(
1 +

2Φ(xi)

c2

)
(cdt)2 +

(
1− 2Φ(xi)

c2

)
(dx2 + dy2 + dz2)

Kai akìma, pwc gia aktÐna r = 2GM/c2 sth metrik  mhdenÐzetai o ìroc dt2

kai apeirÐzetai o dr2. H sugkekrimènh apokaleÐtai kai aktÐna Schwarzschild
kai apoteleÐ qarakthristikì mègejoc sth melèth twn astrik¸n antikeimènwn.

Gia th melèth twn qronoeid¸n gewdaitik¸n twn troqi¸n dokimastik¸n sw-
matidÐwn pou tic akoloujoÔn, mac dieukolÔnoun oi nìmoi diat rhshc. Pio
sugkekrimèna ekeÐnoi thc enèrgeiac kai thc stroform c kai isqÔoun miac kai
h metrik  èqei sfairik  summetrÐa kai eÐnai anex�rthth wc proc to qrìno. 'O-
pwc èqoume anafèrei oi summetrÐec mac upodhl¸noun thn Ôparxh analloÐwtwn
posot twn, oi opoÐec sÔmfwna me th jewrÐa eÐnai oi ξ · u kai η · u, ìpou to u
eÐnai h tetra-taqÔthta. AntÐstoiqa ja onom�soume tic posìthtec e kai ℓ, kai
gia th gewmetrÐa Schwarzschild èqoume tic sqèseic gia th diat rhsh enèrgeiac
kai stroform c an� mon�da m�zac hremÐac.

e = −ξ · u =

(
1− 2M

r

)
dt

dτ
,

ℓ = η · u = r2 sin2 θ
dϕ

dτ

(34)

H gewmetrÐa Schwarzschild èqei pollèc endiafèrousec idiìthtec kai efar-
mogèc tìso jewrhtik� ìso kai peiramatik� gia thn melèth troqi¸n dokimasti-
k¸n swmatidÐwn kai fwtein¸n aktÐnwn.

1.2.4 Melanèc Opèc

MÐa kal  efarmog  thc gewmetrÐac Schwarzschild eÐnai h perÐptwsh thc
apl c melan c op c, me �lla lìgia ekeÐnh pou den èqei peristrof  oÔte fortÐo.

Mèsw twn suntetagmènwn Eddington-Finkelstein, ìpou o qrìnoc orÐzetai
ek nèou wc, t = v− r− 2M log

∥∥ r
2M

− 1
∥∥, me to stoiqeÐo m kouc na metasqh-

matÐzetai me tètoio trìpo, ¸ste na eÐnai kat�llhlo na perigr�yei thn fusik 
sto eswterikì, kat� m koc kai sto exwterikì thc aktÐnac Schwarzschild.

ds2 = −
(
1− 2M

r

)
dv2 + 2dvdr + r2(dθ2 + sin2 θdϕ2)

Qr simo gia thn katanìhsh thc gewmetrÐac eÐnai an doÔme thn sumperifor�
aktÐnwn fwtìc se sqèsh me th melan  op . 'Otan eÐnai makru� apì aut n,
dhlad  r > 2M , oi fwteinèc aktÐnec kinoÔntai aktinik� kai proc ta èxw. An
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to r < 2M tìte kinoÔntai aktinik� proc to kèntro thc melan c op c. En¸, h
kampÔlh r = 2M , den perigr�fei kampÔlec pou kinoÔntai proc ta mèsa   proc
ta èxw, all� statikèc kampÔlec. H epif�neia pou dhmiourgeÐ h teleutaÐa,
onom�zetai kai orÐzontac gegonìtwn.

O orÐzontac sto qwroqrìno, san gewmetrik  epif�neia, èqei thn idiìthta
thc mon c dièleushc. O orÐzontac eÐnai statikìc. Dhlad , den èqei shmasÐa me
poion trìpo kineÐtai èna dokimastikì swmatÐdio ìtan brÐsketai ston orÐzonta
gegonìtwn, de ja mporèsei potè na diafÔgei th barutik  èlxh thc melan c
op c, akìma kai to fwc.

Aut� apoteloÔn thn perigraf  miac apl c perÐptwshc melan c op c. H
gewmetrÐa Schwarzschild apoteleÐ èna basikì montèlo kai mia exairetik  pro-
sèggish thc gewmetrÐac pou ufÐstatai sto exwterikì enìc mh peristrefìmenou
�strou   mia mh peristrefìmenhc melan c op c. Oi pragmatikèc melanèc opèc,
ìpou eis�gontai peristrofèc kai hlektrikì fortÐo, eÐnai pio sÔnjetec sthn
perigraf  touc. Mia kalÔterh perigraf  thc gewmetrÐac tou kampulwmènou
qwroqrìnou apì èna peristrefìmeno s¸ma eÐnai ekeÐnh thc oikogèneiac gew-
metri¸n apì ton Kerr.

2 Metrik  Kerr

O Roy Kerr anakalÔptei autèc tic {oikogèneiec} to 1963, me ta mèlh
na exart¸ntai ìqi mìno apì th m�za M , ìpwc prohgoumènwc sth metrik 
Schwarzschild, all� kai apì th stroform  J . Oi melanèc opèc Kerr apotelo-
Ôn mÐa genÐkeush twn melan¸n op¸n Schwarzschild.

H metrik  Kerr gia peristrefìmenh melan  op  m�zac M kai stroform c
J , me c = G = 1, perigr�fetai apì to stoiqeÐo m kouc,

ds2 = −
(
1− 2Mr

ρ2

)
dt2 − 4Mar sin2 θ

ρ2
dϕdt+

ρ2

∆
dr2 + ρ2dθ2

+

(
r2 + a2 +

2Mra2 sin2 θ

ρ2

)
sin2 θdϕ2.

(35)

gαβ =


−
(
1− 2Mr

ρ2

)
0 0 −2Mar sin2 θ

ρ2

0 ρ2

∆
0 0

0 0 ρ2 0

−2Mar sin2 θ
ρ2

0 0
(
r2 + a2 + 2Mra2 sin2 θ

ρ2

)
sin2 θ

 (36)

'Opou ta a, ρ2 kai ∆ orÐzontai wc

a ≡ J/M, ρ2 ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2Mr + a2.
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H antÐstrofh morf  thc metrik c,

gαβ =


− 1

∆

(
r2 + a2 + 2Mra2

ρ2
sin2 θ

)
0 0 −2Mar

ρ2∆

0 ∆
ρ2

0 0

0 0 1
ρ2

0

−2Mar
ρ2∆

0 0 ∆−a2 sin2 θ
ρ2∆sin2 θ

 (37)

Oi suntetagmènec pou qrhsimopoioÔntai, kaloÔntai suntetagmènec Boyer-
Lindquist kai eÐnai thc morf c (t, r, θ, ϕ). Thn par�metro a thn apokaloÔme
par�metro Kerr kai èqei gewmetropoihmènec mon�dec se diast�seic m kouc,
ìpwc antÐstoiqa kai h m�za. 'Otan to a = 0(M ̸= 0) h metrik  an�getai sth
metrik  Schwarzschild, �ra h melan  op  Schwarzschild apoteleÐ mÐa eidik 
perÐptwsh melan c op c me stroform  mhdèn, pou perilamb�netai sthn oiko-
gèneia Kerr. Kai gia M → 0(a ̸= 0), h metrik  apokt� th morf  enìc topik�
epÐpedou qwroqrìnou.

'Allec idiìthtec thc metrik c, pou prokÔptoun apì to stoiqeÐo m kouc (35),
eÐnai ìti h metrik  eÐnai asumptwtik� epÐpedh. An èqoume dhlad  aktÐna arket�
megalÔterh thc m�zac   thc paramètrou Kerr, dhlad  r → ∞, ìpou apì thn
morf  pou paÐrnei h metrik  katal goume pwc h Kerr teÐnei sth gewmetrÐa
tou epÐpedou qwroqrìnou makru� apì th melan  op . To stoiqeÐo m kouc gia
k�je suntelest  krat�ei mìno touc prwteÔontec ìrouc gia ta meg�la r, kai
se aut  thn perÐptwsh gÐnetai,

ds2 ≈−
(
1− 2M

r

)
dt2 +

(
1 +

2M

r

)
dr2

+ r2(dθ2 + sin2 θdϕ2)− 4Ma

r2
sin2 θ(rdϕ)dt+ . . . .

H metrik  Kerr èqei dÔo summetrÐec, thn statik  summetrÐa, dhlad  eÐnai
anex�rthth tou qrìnou t kai thn idiìthta pwc eÐnai axonik� summetrik , dhlad 
eÐnai anex�rthth tou ϕ. Apì autèc paÐrnoume dÔo dianÔsmata Killing wc ex c,

ξα = (1, 0, 0, 0), (38aþ)

ηα = (0, 0, 0, 1). (38bþ)

H metrik  Kerr den èqei sfairik  summetrÐa, all� katoptrik . H metrik 
paramènei analloÐwth k�tw apì katoptrismoÔc gia θ = π/2, to opoÐo eÐnai to
epÐpedo tou ishmerinoÔ.

'Ena �llo shmantikì qarakthristikì thc gewmetrÐac Kerr eÐnai oi idiomor-
fÐec pou up�rqoun. MÐa apì autèc sumbaÐnei gia to ρ2 = 0, pou isqÔei mìno

18



ìtan to r = 0 kai to θ = π/2, en¸ h �llh, ìtan èqoume ∆ = 0. Sthn pr¸th
perÐptwsh o qwroqrìnoc ja èqei �peirh kampulìthta, opìte eÐnai qr simo na
thn antilhfjoÔme wc mia pragmatik  idiomorfÐa tou qwroqrìnou Kerr, pou
onom�zetai idiomorfÐa daktulÐou (ring singularity), kaj¸c apoteleÐ ton da-
ktÔlio x2 + y2 = a2, z = 0, faÐnetai kai sto Sq ma4. To eswterikì autoÔ
tou dÐskou, gia r = 0 kai θ ̸= π/2, eÐnai mia idiomorfÐa suntetagmènwn pou an
k�poioc parathrht c brejeÐ ekeÐ, to θ apokt� mÐa asunèqeia. H deÔterh shma-
ntik  idiomorfÐa emfanÐzetai sto ∆, kai apoteleÐ idiomorfÐa suntetagmènwn,
opìte kai mporoÔme na thn melet soume.

∆ = 0 ⇒ r2 − 2Mr + a2 = 0 ⇒
gia a2 ≤ M2, r± = M ±

√
M2 − a2

MporoÔme na poÔme pwc h aktÐna r+ antistoiqeÐ se orÐzonta gegonìtwn,
k�nontac ètsi th metrik  Kerr na eÐnai melan  op . Autì apodeiknÔetai a-
kìma, an analogistoÔme pwc kaj¸c a → 0 tìte r+ → 2M, r− → 0, dhlad 
plhsi�zei ton orÐzonta gegonìtwn gia melan  op  Schwarzschild. Jewr¸ntac
p�nta ìti a ≤ M . 'Ara, h stroform  J periorÐzetai apì to tetr�gwno thc
m�zac thc melan c op c. Oi melanèc opèc Kerr pou èqoun thn oriak  tim 
gia thn par�metro a = M(J = M2) onom�zontai oriakèc melanèc opèc Kerr
. FaÐnetai ìti kaj¸c eisèrqetai Ôlh sth melan  op , ja susswreÔetai se
morf  dÐskou gÔrw apì to s¸ma, o opoÐoc apokaleÐtai dÐskoc suss¸reushc.
Mèsw di�forwn mhqanism¸n di�qushc prokaleÐtai meÐwsh thc enèrgeiac kai
thc stroform c, me telikì apotèlesma thn kat�lhxh, me argì rujmì kai spei-
roeid  troqi�, sth melan  op . H eiserqìmenh Ôlh diajètei stroform , �ra
prokaleÐtai aÔxhsh thc olik c stroform c J , proseggÐzontac ètsi thn oriak 
tim . Apì an�lush twn dÐskwn suss¸reushc faÐnetai h tim  na eÐnai perÐpou
a = 0.998M , mia tim  arket� kont� sto ìrio. To opoÐo mac deÐqnei, pwc pollèc
melanèc opèc teÐnoun na gÐnoun oriakèc. Oi oriakèc melanèc opèc faÐnetai na
eÐnai shmantikèc gia thn astrofusik .

Gia a > M , h exÐswsh tou ∆ den èqei pragmatikèc lÔseic, opìte h metri-
k  Kerr den perigr�fei melan  op , o orÐzontac gegonìtwn exafanÐzetai kai
up�rqei plèon mia ≪naked≫ singularity san apotèlesma autoÔ.

2.1 OrÐzontac Melan c Op c Kerr

O orÐzontac thc melan c op c Kerr eÐnai ekeÐnh h epif�neia, h opoÐa qwrÐzei
to qwroqrìno se dÔo tm mata. Up�rqoun fwtoeideÐc kampÔlec pou diafeÔgoun
sto �peiro sto èna tm ma, en¸ sto �llo kajÐstatai adÔnath h diafug  touc,
me apotèlesma ènac exwterikìc parathrht c na mhn lamb�nei plhroforÐa. Sth
melan  op  Kerr up�rqoun dÔo orÐzontec, o ènac sto r = r+ pou onom�ze-
tai exwterikìc orÐzontac (outer horizon), kai sto r = r− antÐstoiqa eÐnai o

19



eswterikìc orÐzontac (inner horizon). 'Ena dokimastikì swmatÐdio   fwtein 
aktÐna pou {pèftei mèsa} ston exwterikì orÐzonta gegonìtwn suneqÐzei thn
poreÐa tou proc to eswterikì thc melan c op c, �ra den mporeÐ na diafÔgei.
Oi orÐzontec qwrÐzoun ton qwroqrìno se treic perioqèc:

I . r > r+, ed¸ h epif�neia eÐnai qronoeid c, dhlad  mporeÐ kai na eisèljei
kai na diafÔgei èna dokimastikì swmatÐdio.

II . r− < r < r+, ed¸ h epif�neia eÐnai qwroeid c, dhlad  to swmatÐdio
kineÐtai proc mia kateÔjunsh kai den mporeÐ na diafÔgei.

III . r < r−, ki ed¸ h epif�neia eÐnai qronoeid c ìpwc gia thn I. Sth su-
gkekrimènh epif�neia emperièqetai kai h monadikìthta ga to ρ2 = 0 pou
anafèroume parap�nw pwc eÐnai mÐa pragmatik  monadikìthta kai de ja
mac apasqol sei peraitèrw sthn paroÔsa ergasÐa.

Sthn perÐptwsh thc oriak c melan c op c Kerr oi dÔo orÐzontec gÐnontai
ènac kai h perioq  II exafanÐzetai.

H epif�neia pou dhmiourgeÐtai sto r = r+ eÐnai mia trisdi�stath fwtoeid c,
statik  kai axonik� summetrik  epif�neia thc gewmetrÐac Kerr . Gia na deÐxou-
me to parap�nw, jewroÔme efaptomenik� dianÔsmata tou t me tic antÐstoiqec
dieujÔnseic gia ta t, θ, ϕ na eÐnai efaptomenikèc se epif�neia stajeroÔ r, opìte
èqoume tic sunist¸sec: tα = (tt, 0, tθ, tϕ).

H epif�neia eÐnai fwtoeid c, an brejeÐ èna fwtoeidèc di�nusma ℓ, efapto-
menikì. H sunj kh ℓ · ℓ = 0 se sunduasmì me tic sunist¸sec tα.

ℓ · ℓ = gtt(ℓ
t)2 + 2gtϕℓ

tℓϕ + gϕϕ(ℓ
ϕ)2 + gθθ(ℓ

θ)2 = 0 (39)

Gia r = r+, b�zontac tic timèc twn gαβ kai k�nontac pr�xeic, èqoume(
2Mr+ sin θ

ρ+

)2(
ℓϕ − a

2Mr+
ℓt
)2

+ ρ2+(ℓ
θ)2 = 0

H exÐswsh èqei lÔseic mìno gia ℓθ = 0 kai ℓϕ = (a/2Mr+)ℓ
t. Dhlad , to

monadikì fwtoeidèc di�nusma sthn epif�neia r = r+ eÐnai to ℓα = (1, 0, 0,ΩH).
Me to ΩH na orÐzetai wc th gwniak  taqÔthta peristrefìmenhc melan c op c.

ΩH =
a

2Mr+

MporoÔme na lème thn gwniak  taqÔthta ΩH san th gwniak  taqÔthta thc
melan c op c, diìti oi fwteinèc aktÐnec pou ton sqhmatÐzoun peristrèfontai
me gwniak  taqÔthta ΩH .
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Sq ma 3: Sto sq ma parist�netai o orÐzontac gegonìtwn, san mia epif�neia ston trisdi-
�stato epÐpedo q¸ro pou èqei thn Ðdia eswterik  gewmetrÐa me thn tom  t = constant tou
orÐzonta melan c op c Kerr. [1]

EÔkola apodeiknÔetai kai ìti h epif�neia r = r+ eÐnai fwtoeid c, an bre-
joÔn dÔo qwroeideÐc, efaptomenikèc kateujÔnseic pou na eÐnai orjog¸niec sto
ℓ, all� kai metaxÔ touc. Kai eÐnai eÔkolo kaj¸c gia na eÐnai mÐa fwtoeid c
epif�neia prèpei to ℓ na eÐnai k�jeto di�nusma sthn fwtoeid  epif�neia kai na
eÐnai orjog¸nio se ìpoio �llo efaptomenikì thc di�nusma.

En¸, o orÐzontac eÐnai sth stajer  aktÐna r+ se suntetagmènec Boyer-
Lindquist, h gewmetrÐa, ìpwc proanafèrjhke, den eÐnai sfairik� summetrik .
An sto (35) antikatast soume r = r+ kai p�roume mÐa tom  epif�neiac sto
t = constant, ja èqoume mÐa disdi�stath epif�neia pou ja perigr�fetai apì to

dΣ2 = ρ2+(θ)dθ
2 +

(
2Mr+
ρ+(θ)

)2

sin2 θdϕ2. (40)

'Ara, faÐnetai kai sto stoiqeÐo m kouc ìti den prìkeitai gia sfaÐra. Autì
mporoÔme na to doÔme kai apì tic diaforetikèc apost�seic pou èqoun o ish-
merinìc me touc dÔo pìlouc. UpologÐzetai h epif�neia tou orÐzonta eÐnai Ðsh
me

A = 8πMr+ = 8πM(M +
√
M2 − a2). (41)

O eswterikìc orÐzontac, r = r−, eÐnai ènac orÐzontac Cauchy (Cauchy
horizon) kai o opoÐoc eÐnai astaj c. Otid pote pou pern�ei mèsa apì ton
eswterikì orÐzonta èqei wc apotèlesma thn ekjetik  aÔxhsh autoÔ sto sh-
meÐo pou sunant�ei ton exwterikì. K�ti to opoÐo na mhn eÐnai uparktì stic
astrofusikèc melanèc opèc.

Kaj¸c dièrqetai èna swmatÐdio-aktinobolÐa ston orÐzonta Cauchy faÐne-
tai na up�rqoun closed timelike curves (kleistèc qronoeideÐc kampÔlec). Pi-
janìtata, perissìterec plhroforÐec gia thn fÔsh tou eswterikoÔ orÐzonta
r = r− na brÐsketai stic melètec twn barutik¸n kum�twn.
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2.1.1 Frame Dragging

Kaj¸c h melan  op  Kerr perigr�fei peristrefìmenec melanèc opèc, sum-
baÐnei èna fainìmeno. Gia thn kalÔterh katanìhsh tou fainomènou, èstw ènac
parathrht c ZAMO (zero angular momentum observer), dhlad  ènac para-
thrht c me mhdenik  stroform  pou kineÐtai proc th melan  op . H taqÔthta
tou kat� thn kateÔjunsh ϕ ja eÐnai mhdenik , opìte l = uα · (∂ϕ)α = 0. Gia
ton parathrht  autìn, orÐzetai h gwniak  taqÔthta,

Ω ≡ dϕ

dt
=

dϕ

dτ

dτ

dt
=

uϕ

ut
.

Gia ènan ZAMO, h gwniak  taqÔthta tou exafanÐzetai gia r → ∞, ìpou o
qwroqrìnoc gia th metrik  Kerr gÐnetai epÐpedoc. Gia peperasmènec timèc tou
r, antÐjeta èqoume,

uϕ ̸= 0 → Ω ̸= 0.

Pr�gmati, parathroÔme pwc kaj¸c o parathrht c kateujÔnetai proc th me-
lan  op  apì to �peiro, ja apokt� kai ekeÐnoc gwniak  taqÔthta, san na ton
parasèrnei h melan  op ,

l = gϕϕu
ϕ + gϕtu

t = 0 ⇒ uϕ = − gϕt
gϕϕ

ut.

Tìte,

Ω = − gϕt
gϕϕ

Ja eis�goume ta antÐstoiqa gαβ apì thn (36), pr¸ta ìmwc ja k�noume mÐa
allag  sth morf  pou ekfr�zoume to gϕϕ, h opoÐa ja apodeiqjeÐ kai qr simh
metèpeita,

gϕϕ = (r2 + a2) sin2 θ +
2a2Mr sin4 θ

ρ2

=
sin2 θ

ρ2
[ρ2(r2 + a2) + 2Ma2r sin2 θ]

=
sin2 θ

ρ2
[(r2 + a2(1− sin2 θ))(r2 + a2) + 2a2Mr sin2 θ]

=
sin2 θ

ρ2
[(r2 + a2)2 − a2 sin2 θ(r2 − 2Mr + a2)] ⇒

gϕϕ =
sin2 θ

ρ2
[(r2 + a2)2 − a2 sin2 θ∆]. (42)

Ω =
2aMr

(r2 + a2)2 − a2 sin2 θ∆
(43)

22



Epeid  (r2+a2)2 > a2 sin2 θ∆, o paronomast c eÐnai jetikìc kai antÐstoiqa
Ω/aM > 0 gia ìlec tic timèc twn M kai a, to opoÐo mac deÐqnei pwc to Ω ja
èqei to Ðdio prìshmo me th stroform  thc melan c op c J , �ra o parathrht c
kineÐtai sumperistrofik� me ekeÐnh. Profan¸c, ìtan eÐmaste sto r = r+ tìte
h Ω = ΩH ìpwc anafèretai parap�nw. To fainìmeno autì, loipìn, onom�zetai
frame dragging   sta ellhnik� mporoÔme na to anafèroume wc par�sursh tou
sust matoc anafor�c tou parathrht .

Sq ma 4: Sqhmatik  topojèthsh twn orizìntwn, ergìsfairac, ergoperioq¸n kai th mona-
dikìthta kampÔlwshc sto qwroqrìno gia th gewmetrÐa Kerr. [2]

2.2 Ergìsfaira & Ergoperioq 

H gewmetrÐa miac peristrefìmenhc melan c op c den stamat�ei stouc o-
rÐzontec. Blèpontac pwc gia th Schwarzschild ston orÐzonta gegonìtwn su-
mpÐptei kai h enallag  tou prìs mou gia to gtt, ofeÐloume na doÔme thn su-
mperifor� tou kai gia thn Kerr. An proqwr soume sth lÔsh tou gtt = 0 apì
thn (36), paÐrnoume dÔo lÔseic gia to r,

rE± = M2 ±
√
M2 − a2 cos2 θ.

ParathroÔme pwc to
√
M2 − a2 cos2 θ ≥

√
M2 − a2, �ra o exwterikìc kai

o eswterikìc orÐzontac brÐskontai an�mesa sta rE±.

rE− ≤ r− ≤ r+ ≤ rE+
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H anapar�stash autoÔ faÐnetai sto Sq ma 4. Akìma, ektìc twn orÐwn rE±
to gtt èqei arnhtikì prìshmo, en¸ an�mesa jetikì. 'Otan briskìmaste sto
epÐpedo tou ishmerinoÔ oi timèc eÐnai

rE+ = 2M kai rE− = 0.

Epomènwc, up�rqei perioq  metaxÔ twn r+ kai rE+, ìpou to gtt > 0, kai ono-
m�zetai ergoperioq (ergoregion) kai to ìrio r = rE+ ergìsfaira(ergosphere).
Kai efìson up�rqoun autèc oi perioqèc prin apì ton orÐzonta, up�rqei kai h
pijanìthta ènac parathrht c na mpei apì thn ergìsfaira, na eisèljei sthn
ergoperioq  kai met� na bgei p�li apì thn ergìsfaira, èqontac ètsi apofÔgei
ton orÐzonta thc melan c op c, diafeÔgontac proc to �peiro.

2.2.1 Statikìc & AkÐnhtoc Parathrht c

Proqwr¸ntac sth melèth tou qwroqrìnou gÔrw apì th melan  op , ac
doÔme thn kÐnhsh k�poiou parathrht . Genik� sth genik  sqetikìthta ènac
parathrhthc kineÐtai p�nw se mÐa qronoeid  gramm .

'Enac statikìc parathrht c (static observer)èqei mìno th qronik  suni-
st¸sa sto di�nusma thc tetra-taqÔthtac, uα = (ut, 0, 0, 0). 'Ara, oi suni-
st¸sec gia ta r, θ kai ϕ eÐnai stajerèc kai isqÔei ìti u · u = −1. H er-
gìsfaira perigr�fetai apì qwroeidèc di�nusma kai sth sugkekrimènh perioq 
ènac statikìc parathrht c eÐnai adÔnato na up�rxei kai anagk�zetai na mpei
se kÐnhsh.

O stajerìc parathrht c (stationary observer)eÐnai ekeÐnoc pou den blèpei
th metrik  na all�zei kaj¸c kineÐtai. Paramènei stajerìc wc proc ta r kai
θ all� dèqetai peristrof  sÔmfwna me th for� thc melan c op c proc th
tetra-taqÔtht� tou èqei th morf  uα = ut(1, 0, 0, ω). To ω eÐnai h gwniak 
taqÔthta tou parathrht  kai orÐzetai,

ω ≡ dϕ

dt
=

uϕ

ut
.

O parathrht c autìc mporeÐ na up�rxei e�n,

uαuβgαβ = (ut)2[gtt + 2ωgtϕ + ω2gϕϕ] = −1

→ ω2gϕϕ + 2ωgtϕ + gtt < 0.

LÔnontac to parap�nw èqoume,

ω± =
−gtϕ ±

√
g2tϕ − gttgϕϕ

gϕϕ
=

−gtϕ ± sin θ
√
∆

gϕϕ
.
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EkeÐno pou parathroÔme eÐnai pwc ènac tètoioc stajerìc parathrht c den
mporeÐ na up�rxei ìtan to ∆ ≤ 0, aut  h perioq  orÐzetai metaxÔ twn ori-
zìntwn. EpÐshc, h gwniak  tou taqÔthta de mporeÐ na paÐrnei opoiesd pote
tuqaÐec timèc, prèpei na brÐsketai mèsa sto eÔroc ω− < ω < ω+. EÐnai a-
kìma profanèc pwc ìtan briskìmaste ston orÐzonta, r = r+, ta ω− = ω+ kai
antistoiqoÔn sth gwniak  taqÔthta tou parathrht  ZAMO, ω± = ω = ΩH .

Sthn ergìsfaira, to gtt = 0 kai tìte to ω− = 0. Ektìc thc ergìsfairac,
gia r ≥ rE+, to gtt < 0 kai to gϕϕ > 0 tìte ta prìshma twn orÐwn twn gw-
niak¸n taqut twn eÐnai ω− < 0, ω+ > 0, to opoÐo shmaÐnei pwc o stajerìc
parathrht c kineÐtai   kat� thn peristrof  thc melan c op c (sumperistrofi-
k� - corotating)   antÐstrofa (antiperistrofik� - counterrotating). Kai ìtan
brÐsketai sthn ergoperioq , gia r+ < r < rE+, èqoume gtt > 0 kai gϕϕ > 0,
kai antÐstoiqa ω− > 0, ω+ > 0, �ra o parathrht c anagkastik� kineÐtai
sumperistrofik� me th melan  op .

2.3 Paragwg  Enèrgeiac

Apì mÐa melan  op  Kerr eÐnai dunatìn na p�roume enèrgeia peristrof c.
Gia na gÐnei autì katanohtì ja anazht soume thn upojetik  perÐptwsh thc
diadikasÐac Penrose (Penrose process) gia èna swmatÐdio (in) pou eisèrqetai
apì thn ergìsfaira sthn ergoperioq  kai diasp�tai se dÔo swmatÐdia. To èna
swmatÐdio diafeÔgei kai kineÐtai proc to �peiro (out) kai to �llo pèftei mèsa
ston orÐzonta (bh).

Diex�goume thn diadikasÐa me tètoion trìpo ¸ste to swmatÐdio pou diafe-
Ôgei na diajètei enèrgeia perissìterh apì to arqikì pou eis lje sth melan 
op . Up�rqei diat rhsh thc orm c kai thc enèrgeiac.

pin = pout + pbh → Eout = Ein + Ebh.

Apì thn enèrgeia tou swmatidÐou pou ft�nei sto �peiro Eout = −pout · ξ, pou
to ξ eÐnai to di�nusma Killing .

An to swmatÐdio (bh) dièfeuge sto �peiro, h enèrgeia tou ja èprepe na
eÐnai jetik  kai tìte isqÔei to parap�nw Eout < Ein. Dhlad  ligìterh enèrgeia
sto exwterikì thc melan c op c se sqèsh me to eswterikì. To (bh), ìmwc,
de ft�nei potè to exwterikì thc ergìsfairac kai epomènwc h posìthta −Ebh

antÐ gia enèrgeia, eÐnai sunist¸sac qwrik c orm c epeid  to ξ eÐnai qwrikì,
pou mporeÐ na eÐnai jetik    arnhtik . E�n t¸ra, Ebh < 0 tìte Eout > Ein

kai autì deÐqnei pwc h enèrgeia par�getai apì th melan  op  kai prokaleÐtai
el�ttwsh thc olik c m�zac thc, kaj¸c kai meÐwsh thc stroform c. Kai me
autì ton trìpo eklÔetai enèrgeia apì th melan  op  mèsw thc diadikasÐac
Penrose .
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Gia thn el�ttwsh thc stroform c, jewroÔme ènan parathrht  pou kineÐtai
sumperistrofik� ektìc thc ergìsfairac me tetra-taqÔthta ton sunduasmì twn
dianusm�twn Killing me thn taqÔthta enìc stajeroÔ parathrht .

u = ut(ξ + ωη)

Kaj¸c eisèrqetai sthn ergìsfaira h enèrgei� tou prèpei na eÐnai jetik ,

−(ξ + ωη) · pbh ≥ 0 → Ebh ≥ ωLbh

me to Lbh na eÐnai h stroform  tou eiserqìmenou swmatidÐou sth melan  op .
Oi epitreptèc timèc gia to ω eÐnai jetikèc mìno, �ra oi parathrhtèc kinoÔntai
kat� thn Ðdia for� me th melan  op . Gia na paraqjeÐ enèrgeia prèpei h
Ebh < 0 → Lbh < 0. AfoÔ h stroform  eÐnai arnhtik , ìtan to swmatÐdio
eisèrqetai mei¸nei thn olik  stroform  thc melan c op c kai �ra ex�getai
enèrgeia. H l yh thc enèrgeiac gÐnetai mèqri na mhdenisteÐ h stroform .

2.4 H metrik  Kerr se suntagmènec Kerr-Schild

Mèqri stigm c perigr�foume ton qwroqrìno Kerr se suntetagmènec Boyer-
Lindquist, pou ìpwc parathroÔme, dhmiourgoÔntai di�forec monadikìthtec kai
ètsi gÐnetai pio perÐplokh h lÔsh thc metrik c. H idiomorfÐa daktulÐou eÐnai
singularity pou duskoleÔei thn katanìhsh thc kaj¸c h sumperifor� gÔrw
apì to r = 0, eÐnai polÔ diaforetik  apì aut  ston epÐpedo qwroqrìno. O
Kerr sthn anaz thsh lÔsewn thc exÐswshc Einstein gia morfèc thc metrik c
algebrik� kat�llhlec gia eidikoÔc qwroqrìnouc, epilègei h metrik  tou na
èqei th morf ,

gαβ = ηαβ + flαlβ, (44)

ìpou, to ηαβ eÐnai ènac epÐpedoc qwroqrìnoc kai to l èna mhdenikì di�nusma,
gαβlαlβ = 0.

Aut  h morf  thc oikogèneiac twn exis¸sewn eÐnai h morf  thc metrik c
se suntetagmènec Kerr-Schild .Xekin¸ntac apì thn morf  thc metrik c se
suntetagmènec Kerr (t̄, r, θ, ϕ̄),

ds2 =− dt̄2 + dr2 + ρ2dθ2 + (r2 + a2) sin2 θdϕ̄2 − 2a sin2 θdrdϕ̄+

+
2Mr

ρ2
(dt̄+ dr − a sin2 θdϕ̄)2.

(45)

T¸ra, oi suntetagmènec Kerr-Schild (t̄, x, y, z) kajorÐzontai apì,

x =
√
r2 + a2 sin θ cos(ϕ̄+ arctan

a

r
)

y =
√
r2 + a2 sin θ sin(ϕ̄+ arctan

a

r
)

z = r cos θ.
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Gia eukolÐa ja orÐsoume thn posìthta arctan a
r
= α, kai ètsi ja ekfr�soume

ta r, a wc,

r =
√
r2 + a2 cosα

a =
√
r2 + a2 sinα.

Kai t¸ra èqoume,

x = sin θ(r cos ϕ̄− a sin ϕ̄)

y = sin θ(r sin ϕ̄+ a cos ϕ̄)

z = r cos θ.

ParagwgÐzontac,

dx = cos θ(r cos ϕ̄− a sin ϕ̄)dθ + sin θ cos ϕ̄dr − sin θ(r sin ϕ̄+ a cos ϕ̄)dϕ̄

dy = cos θ(r sin ϕ̄+ a cos ϕ̄)dθ + sin θ sin ϕ̄dr + sin θ(r cos ϕ̄− a sin ϕ̄)dϕ̄

dz = −r sin θdθ + cos θdr.

K�nontac tic aparaÐthtec pr�xeic gia dx2 + dy2 + dz2 blèpoume pwc telik� h
metrik  (45) mporeÐ na grafteÐ parìmoia me thn metrik  Minkowski sun mÐa
stajer  posìthta, to opoÐo antikatoptrÐzei thn (44). Dhlad ,

ηαβ ≡ diag(−1, 1, 1, 1)

f =
2Mr3

r4 + a2z2

lα =

(
1,

rx+ ay

r2 + a2
,
ry − ax

r2 + a2
,
z

r

)
.

Me to r na kajorÐzetai apì,

x2 + y2 + z2 = r2 + a2
(
1− z2

r2

)
.

Telik�, gr�foume to stoiqeÐo tou m kouc gia th metrik  Kerr se Kerr-
Schild suntetagmènec,

ds2 =− dt̄2 + dx2 + dy2 + dz2+

+
2Mr3

r4 + a2z

[
dt̄+

r(xdx+ ydy)− a(xdy − ydx)

r2 + a2
+

zdz

r

]2 (46)

H parap�nw morf  thc metrik c, ìpwc anafèrjhke, mporeÐ na perigr�yei
thn apeikìnish thc gewmetrÐac gia th monadikìthta tou daktulÐou. JewroÔme
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ta (x, y, z) na perigr�foun Kartesianì sÔsthma suntetagmènwn ston trisdi-
�stato q¸ro me ta (r, θ) na eÐnai exis¸seic twn suntetagmènwn.

x2 + y2 = (r2 + a2) sin2 θ

z2 = r2 cos2 θ

⇒ x2 + y2

r2 + a2
+

z2

r2
= 1, jewr¸ntac to r stajerì,

kai

x2 + y2

a2 sin2 θ
− z2

r2 cos2 θ
= 1, jewr¸ntac to θ stajerì.

Oi epif�neiec gia r = constant kai θ = constant faÐnetai na eÐnai elleiyoeid c
kai uperboloeid c, antÐstoiqa. Eidik�, gia th monadikìthta r = 0 kai θ = π/2,
èqoume ton dÐsko,

x2 + y2 = a2, z = 0.

3 Gewdaitikèc Exis¸seic

thc metrik c Kerr

Sto parìn mèroc thc ergasÐac ja analÔsoume tic gewdaitikèc exis¸seic
thc metrik c Kerr , me skopì sth sunèqeia na diamorf¸soume ton kat�llhlo
k¸dika ¸ste na ft�soume sthn arijmhtik  touc an�lush, mèsw thc mejìdou
Runge-Kutta.

H an�lush twn troqi¸n dokimastik¸n swmatidÐwn kai aktÐnwn fwtìc sth
gewmetrÐa Kerr eÐnai mÐa diadikasÐa pio perÐplokh, se sÔgkrish me ekeÐnec
sth gewmetrÐa Schwarzschild, efìson h summetrÐa den eÐnai sfairik  all�
axonik� summetrik , afoÔ den up�rqei diat rhsh thc stroform c. Akìma,
ja epikentrwjoÔme se troqièc ektìc tou orÐzonta (r ≥ r+), kaj¸c h perio-
q  aut  susqetÐzetai kai me astrofusikèc parathr seic. Se antÐjesh me th
Schwarzschild, pou lìgw thc sfairikìthtac, emfanÐzetai kai tètarth exÐswsh
pou bohj�ei sthn epÐlush twn gewdaitik¸n kai mporeÐ na genikeuteÐ, h metrik 
Kerr den eÐnai tìso {tuqer }.

H perÐptwsh ekeÐnh pou pou ja exet�soume pr¸ta, brÐsketai gia θ = π/2,
pou eÐnai to epÐpedo tou ishmerinoÔ (equatorial plane), kai bèbaia oi troqièc
autèc den apoteloÔn genikì kanìna kaj¸c periorÐzontai se autìn.
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3.1 Gewdaitikèc sto epÐpedo tou IshmerinoÔ

Xekin�me, loipìn, me to stoiqeÐo m kouc sto epÐpedo tou ishmerinoÔ,

ds2 = −
(
1− 2M

r

)
dt2− 4aM

r
dtdϕ+

r2

∆
dr2+

(
r2 + a2 +

2Ma2

r

)
dϕ2. (47)

'Ustera ja upologÐsoume th Lagkrazian .

L(xα, ẋα; t) = 1
2
gαβẋ

αẋβ

Ja qrhsimopoi soume tic sunist¸sec thc tetra-orm c, ìpwc orÐzontai,

pα ≡ ∂L
∂ẋα

= gαβẋ
β.

Kai gia th metrik  Kerr (35), gr�foume th Lagkrazian  wc,

2L = −
(
1− 2Mr

ρ2

)(
dt

dτ

)2

− 4aMr sin2 θ

ρ2
dt

dτ

dϕ

dτ
+

ρ2

∆

(
dr

dτ

)2

−

+ ρ2
(
dθ

dτ

)2

+

(
r2 +

2a2Mr sin2 θ

ρ2

)
sin2 θ

(
dϕ

dτ

)2

,

gia θ = π/2, tìte dθ/dτ = θ̇ = 0 kai profan¸c ta sin2 θ = 1 & cos θ2 = 0,

2L = −
(
1− 2M

r

)
ṫ2 − 4aM

r
ṫϕ̇+

r2

∆
ṙ2 +

(
r2 + a2 +

2a2M

r

)
ϕ̇2. (48)

Apì thn allag  morf c pou k�name sto (42), t¸ra gia θ = π/2, èqoume,

gϕϕ =
1

r2
[(r2 + a2)2 − a2∆].

Tic troqièc twn swmatidÐwn mporoÔme na tic perigr�youme mèsw twn L kai
E pou eÐnai antÐstoiqa oi posìthtec thc diathroÔmenhc stroform c kai enèr-
geiac an� mon�da m�zac gia dokimastikì swmatÐdio   an prìkeitai gia fwtìnio,
h stroform  kai h enèrgeia. Qrhsimopoi¸ntac ta dianÔsmata Killing (38aþ)
kai (38bþ) pou sundèontai me tic summetrÐec.

E = −ξ · u,
L = η · u.
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PaÐrnontac tic sunist¸sec thc tetra-orm c

pt = −E = ut ⇒ gttu
t + gtϕu

ϕ = −
(
1− 2Mr

ρ2

)
ṫ− 2aMr sin2 θ

ρ2
ϕ̇,

gia θ = π/2,

= −
(
1− 2M

r

)
ṫ− 2aM

r
ϕ̇ = −E = constant (49aþ)

pϕ = L = uϕ ⇒ gϕϕv
ϕ + gtϕv

t

=

(
r2 + a2 +

2a2Mr sin2 θ

ρ2

)
sin2 θϕ̇− 2aMr sin2 θ

ρ2
ṫ,

gia θ = π/2,

=

(
r2 + a2 +

2a2M

r

)
ϕ̇− 2aM

r
ṫ = L = constant (49bþ)

pr = grru
r =

ρ2

∆
ṙ, gia θ = π/2, ⇒ pr =

r2

∆
ṙ. (49gþ)

LÔnontac to sÔsthma gia tic (49aþ), (49bþ) paÐrnoume,

ṫ =
1

∆

[(
r2 + a2 +

2a2M

r

)
E − 2aM

r
L

]
=

1

∆
[gϕϕE + gtϕL] (50aþ)

ϕ̇ =
1

∆

[(
1− 2M

r

)
L+

2aM

r
E

]
= − 1

∆
[gttL+ gtϕE] . (50bþ)

SuneqÐzontac, ja p�roume thn Qamiltonian 

H(xα, pα) = pαẋ
α − L(xα, ẋα) =

1

2
gαβpαpβ,

pou sÔmfwna me ta parap�nw h Qamiltonian  isoÔtai me th Lagkrazian , to o-
poÐo deÐqnei pwc den emplèketai dunamik  enèrgeia, k�ti to opoÐo èprepe na peri-
mènoume, afoÔ to Ðdio akrib¸c sumbaÐnei kai stic maÔrec trÔpec Schwarzschild.

H Qamiltonian  eÐnai, akìma, anex�rthth tou qrìnou,

2H = [gttṫ+ gtϕϕ̇]ṫ+ [gϕϕϕ̇+ gtϕṫ]ϕ̇+ grrṙ
2

= −Eṫ+ Lϕ̇+
r2

∆
ṙ2 = δ1 = constant.

(51)

JewroÔme gia th stajer� δ1, pwc ja paÐrnei thn tim  δ1 = −1 ìtan prìkeitai
gia qronoeid c gewdaitikèc kai δ1 = 0 ìtan eÐnai fwtoeid c. Oi upologismoÐ
me qr sh thc Euler-Lagrange gia tic suntetagmènec eÐnai arket� perÐplokoi
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kai dhmiourgoÔn ìrouc pou duskoleÔoun thn qr sh thc se peraitèrw upolo-
gismoÔc, efìson h metrik  den eÐnai diag¸nia, ìpwc ekeÐnh gia Schwarzschild.
Sthn (51) ja antikatast soume ta ṫ kai ϕ̇ apì tic (50aþ) kai (50bþ). LÔnoume,
xan�, gia ṙ2, gia na melet soume thn kÐnhsh twn swmatidÐwn,

δ1 = −E
1

∆
(gϕϕE + gtϕL)− L

1

∆
(gttL+ gtϕE) +

r2

∆
ṙ2

⇒ ṙ2 =
1

r2
(gϕϕE

2 + 2gtϕLE + gttL
2) +

∆

r2
δ1 (52)

BrÐskoume tic rÐzec V± gia to polu¸numo gϕϕE
2 + 2gtϕLE + gttL

2 gia to E.

D = 4L2(g2tϕ − gϕϕgtt)

kai oi rÐzec eÐnai,

V± = L
−gtϕ ±

√
g2tϕ − gϕϕgtt

gϕϕ
=

L

gϕϕ
(−gtϕ ±

√
∆). (53)

Epomènwc, h exÐswsh gia to ṙ2 gr�fetai kai wc,

ṙ2 =
gϕϕ
r2

(E − V+)(E − V−) +
∆

r2
δ1. (54)

Qrhsimopoi¸ntac thn (42), mporoÔme na orÐsoume

Vr(r) =
(r2 + a2)2 − a2∆

r4
(E − V+)(E − V−) +

∆

r2
δ1

⇒ ṙ2 = Vr(r), V± =
2Mar ± r2

√
∆

(r2 + a2)2 − a2∆
L.

3.1.1 Dunamik� gewdaitik¸n sto epÐpedo tou ishmerinoÔ

Gia th melèth tou dunamikoÔ thc aktinik c exÐswshc, se ìpoia morf , u-
p�rqoun tèsseric pijanìthtec, pou antistoiqoÔn sta prìshma twn L kai a.
Gia tautìqronh allag  pros mwn, a → −a, L → −L, oi peript¸seic eÐnai
isodÔnamec. Oi peript¸seic pou mac endiafèroun eÐnai gia La > 0, ìpou to
swmatÐdio kineÐtai sumperistrofik� kai gia La < 0, pou antÐstoiqa eÐnai a-
ntiperistrofik� apì thn kÐnhsh thc melan c op c. Prosoq , all�zontac ta
prìshma twn parap�nw, ja ephre�zontai kai oi (53), opìte gia thn apofug 
tou sugkekrimènou probl matoc ja b�loume |L| kai tìte to V+ ≥ V− ja eÐnai
alhj c.

Exet�zoume thn perÐptwsh a > 0. Genik�, isqÔoun:
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� V± ja exafanÐzetai ìtan to r → ∞.

� Ta V+ kai V− tautÐzontai gia ∆ = 0, dhlad  ston orÐzonta kai

V+(r+) = V−(r+) =
2Mr+La

(r2+ + a2)2
= ΩHL, (55)

to opoÐo eÐnai jetikì gia La > 0 kai arnhtikì gia La < 0.

� An to La > 0, tìte ta V+ > 0 kai V− eÐnai jetikì sto r+ kai exafanÐzetai
ìtan

r
√
∆ = 2Ma ⇒ r2(r2 − 2Mr + a2) = 4M2a2

⇒ r4 − 2Mr3 + a2r2 − 4M2a2 = (r − 2M)(r3 + a2r + 2Ma2) = 0

→ r = 2M.

To opoÐo eÐnai h perioq  thc ergìsfairac sto epÐpedo tou ishmerinoÔ.

� An to La < 0, tìte ta V− < 0 kai V+, antÐstoiqa, eÐnai arnhtikì gia r+
kai exafanÐzetai gia r = 2M .

� Apì th melèth twn V± kai ta dÔo dunamik� parousi�zoun èna stajerì
shmeÐo, to opoÐo eÐnai topikì mègisto kai topikì el�qisto, antÐstoiqa gia
to V+ kai V−.

Sq ma 5: Ta dunamik� V+(r) kai V−(r) gia troqièc sto epÐpedo tou ishmerinoÔ pou kinoÔntai
eÐte sumperistrofik� (La > 0, aristerì mèroc), eÐte antiperistrofik� (La < 0, dexÐ mèroc)
se sqèsh me th melan  op . H skiagrafhmènh perioq  eÐnai aprìsith gia swmatÐdia qwrÐc
m�za. [5]

32



3.1.2 FwtoeideÐc Gewdaitikèc

Sta parak�tw, akoloujoÔme thn an�lush pou parousi�zetai sthn [5]. Gia
tic fwtoeideÐc gewdaitikèc, to δ1 = 0 kai h (54) gr�fetai,

ṙ2 = Vr =
gϕϕ
r2

(E − V+)(E − V−) =
(r2 + a2)2 − a2∆

r4
(E − V+)(E − V−).

Efìson to ṙ2 prèpei na eÐnai jetikì, kai o arijmht c eÐnai austhr� jetikìc,
tìte to swmatÐdio kineÐtai se ekeÐnec tic gewdaitikèc gia tic opoÐec isqÔei,

E < V−   E > V+

'Ara, h perioq  metaxÔ V− < E < V+ ja jewreÐtai apagoreumènh. Gia thn
kalÔterh melèth twn gewdaitik¸n sto epÐpedo tou ishmerinoÔ eÐnai qr simh kai
h aktinik  epit�qunsh, h opoÐa mporeÐ na upologisteÐ mèsw thc parag¸gishc
thc (54) wc proc thn par�metro λ.

2ṙr̈ = Vr
′ṙ ⇒ r̈ = 1

2
Vr

′

= 1
2

(gϕϕ
r2

)′
(E − V+)(E − V−)−

gϕϕ
r2

[V+
′(E − V−) + V−

′(E − V+)]

'Otan to ṙ = 0, to opoÐo sumbaÐnei gia E = V+   E = V−, tìte h aktinik 
epit�qunsh paÐrnei tic timèc,

r̈ = −gϕϕ
r2

V ′
+(V+ − V−), an to E = V+,

r̈ = −gϕϕ
r2

V ′
−(V− − V−) an to E = V−,

⇒ r̈ = −|L|
√
∆

r2
V ′
±, an to E = V±.

Akìma mporoÔme na upologÐsoume thn aktinik  exÐswsh gia tic fwteinèc
aktÐnec, qrhsimopoi¸ntac u ·u = 0 kai tic (50aþ),(50bþ) èqontac thn par�metro
epÐdrashc b ≡ |L/E|, ìpwc kai gia tic troqièc se Schwarzschild . Qrhsimo-
poioÔme to ± analìgwc me to prìshmo tou La, ìpwc anafèrame ìti deÐqnei an
h troqi� kineÐtai sumperistrofik�   antiperistrofik� thc melan c op c, opìte
h exÐswsh gr�fetai wc

1

L2

(
dr

dλ

)2

=
1

b2
−Weff(r, b, σ).

To energì dunamikì gia troqièc fwtein¸n aktÐnwn ston ishmerinì eÐnai

Weff(r, b, σ) =
1

r2

[
1−

(a
b

)2

− 2M

r

(
1− σ

a

b

)2
]
. (56)
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Kai antÐstoiqa an paragwgÐsoume to parap�nw kai antikatast soume me L kai
E,

r̈ =
L2 − a2E2

r3
− 3M(L± aE)2

r4
.

Mèqri stigm c upojètoume pwc h stajer� E ja eÐnai jetik . Opìte ja
doÔme kai ti gÐnetai ìtan apokt� arnhtikèc timèc, pou qrhsimeÔei gia tic peri-
pt¸seic E < V−. Gia na kajorÐsoume an to E mporeÐ na èqei arnhtikèc timèc,
prèpei pr¸ta na doÔme th susqètish me thn enèrgeia tou dokimastikoÔ sw-
matidÐou   fwtonÐou. H enèrgeia upologÐzetai mèsw tou parathrht  kai sth
genik  sqetikìthta orÐzetai apì thn,

E = −gαβU
αpβ = −Uαpα, (57)

ìpou me pα eÐnai h tetra-orm  tou swmatidÐou kai Uα h tetra-taqÔthta tou
parathrht .

H enèrgeia E pou metr�ei o parathrht c me Uα prèpei na eÐnai jetik . Apì
thn �llh, èqoume pwc h E = −ut (49aþ), to opoÐo eÐnai h tetra-taqÔthta tou
swmatidÐou.

Opìte, ac jewr soume ènan statikì parathrht , me Uα
st = (1, 0, 0, 0), pou

brÐsketai ektìc thc ergìsfairac. 'Eqoume, apì thn (49aþ), ìti h enèrgeia tou
parathrht  eÐnai Est = −pt kai pt ≡ ut, �ra telik� Est = E. Katal goume, pwc
gia swmatÐdio ektìc apì thn ergoperioq , h stajer� E antistoiqeÐ sthn enèr-
geia tou, ìpwc metriètai apì ènan statikì parathrht  ektìc thc ergìsfairac.
Gia aut� ta swmatÐdia oi arnhtikèc timèc tou E den eÐnai epitreptèc.

SuneqÐzontac, ac doÔme ti gÐnetai gia èna swmatÐdio mèsa sthn ergope-
rioq  pou potè de ja xefÔgei apì thn ergìsfaira, r+ < r < rE+. Sthn
perioq  aut  o statikìc parathrht c èqoume anafèrei pwc den mporeÐ na u-
p�rxei kai �ra dialègoume ènan �llo, èstw ènan ZAMO stajerì parathrht ,
me L = uϕ = 0 kai thn (43) gia θ = π/2. H tetra-taqÔthta tou parathrht 
eÐnai Uα

ZAMO = const (1, 0, 0,Ω). H stajer� upologÐzetai me th qr sh tou
gαβU

α
ZAMOU

β
ZAMO = −1 kai eÐnai p�nta jetik .

H enèrgeia, t¸ra, eÐnai Ðsh me,

EZAMO = −pαU
α
ZAMO = const (E − ΩL),

apì thn tetra-orm  eÐnai pα = (−E, pr, 0, L), isqÔei h EZAMO > 0 kai tìte
antistoiqeÐ gia E > ΩL. To opoÐo brÐsketai metaxÔ twn riz¸n V± (V− ≤ ΩL ≤
V+), pou to Ðson isqÔei ston orÐzonta. Apì autì oi fwtoeid c gewdaitikèc me
E < V− kai jetik  enèrgeia jewroÔntai apagoreutikèc.

Telik�, an to swmatÐdio kineÐtai sumperistrofik� (La > 0), up�rqei sthn
ergoperioq  gia jetik� E sto eÔroc V+(r+) < E < V+(rmax). An h tim 
xeper�sei to eÔroc, tìte pern�ei thn ergìsfaira kai diafeÔgei sto �peiro.
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Alli¸c, gia antiperistrofik  kÐnhsh (La < 0), epeid  to V+ < 0 → E > V+,
to E ja mporeÐ na p�rei arnhtikèc timèc an kai mìno an V+(r+) = V−(r+) <
E < 0.

To gegonìc ìti h stajer� E mporeÐ na eÐnai arnhtik  den èrqetai se anti-
par�jesh dedomènou ìti h enèrgeia prèpei na eÐnai jetik . Oi dÔo posìthtec
tautÐzontai ìtan up�rqei statikìc parathrht c, o opoÐoc mèsa sthn ergìsfai-
ra den up�rqei kai ètsi oi gewdaitikèc me tic arnhtikèc timèc thc stajer�c apl�
den mporoÔn na xefÔgoun apì thn ergoperioq .

3.1.3 Qronoeid c Gewdaitikèc

SuneqÐzontac gia tic qronoeid c gewdaitikèc, to δ1 = −1 kai h (52) paÐrnei
th morf ,

ṙ2 = Vr =
1
2
(gϕϕE

2 + 2gtϕLE + gttL
2) +

∆

r2

Akìma apì thn kanonikopoÐhsh thc tetra-taqÔthtac, u · u = −1, kai qr shc
twn (50aþ),(50bþ) katal goume se mÐa exÐswsh wc proc to dr/dτ ìmoia me thn
parap�nw all� kai diaforetik ,

dr

dτ
=

√
E2 − 1 +

M

r
− L2 − a2(E2 − 1)

2r2
+M

(L− aE)2

r2
,

to opoÐo mporeÐ na grafeÐ me anadi�taxh twn ìrwn, sthn Ðdia morf  ìpwc kai
sth metrik  Schwarzschild

E2 − 1

2
= 1

2

(
dr

dτ

)2

+ Veff(r, E, L), (58)

me to energì dunamikì gia troqièc swmatidÐwn ston ishmerinì na isoÔtai me

Veff(r, E, L) = −M

r
+

L2 − a2(E2 − 1)

2r2
− M(L− aE)2

r3
. (59)

H melèth twn qronoeid¸n gewdaitik¸n den parousi�zei thn Ðdia eukolÐa me
tic fwtoeid c, kai gi autì ja exet�soume thn parak�tw perÐptwsh.

'Estw mia upìjesh, gia dokimastikì swmatÐdio pou eisèrqetai se mÐa oria-
k  melan  op  Kerr, (a = M), me astaj  troqi� èqontac for� peristrof c
Ðdia me thc melan c op c, gia r = M kai mia ìmoia troqi� me thn proana-
ferjeÐsa, all� me antÐjeth for� gia r = 4M . Gia q�rin aplìthtac melet�me
mÐa ex aut¸n, ekeÐnh pou èqei perissìterh shmasÐa gia thn astrofusik . Gia
dèsmia enèrgeia eswt�thc eustajoÔc kuklik c troqi�c enìc swmatidÐou se
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r = R. MhdenÐzontac thn arqik  taqÔthta kat� thn aktinik  sunist¸sa, h
(58) gr�fetai

E2 − 1

2
= Veff(R,E,L).

Kai gia thn paramon  tou swmatidÐou se kuklik  troqi� ja prèpei na mhde-
nÐzetai kai h sunist¸sa thc epit�qunshc, �ra h (58) paragwgÐzetai gia τ kai
èqoume

∂Veff(r, E, L)

∂r

∣∣∣∣
r=R

= 0.

Gia tic eustajeÐc troqièc, prèpei na elaqistopoihjeÐ to energì dunamikì, dh-
lad 

∂2Veff(r, E, L)

∂r2

∣∣∣∣
r=R

> 0.

Kai ètsi kajorÐzetai to eÔroc epitrept¸n tim¸n gia ta E,L kai R. Eidik�
gia thn eswt�th eustaj  kuklik  troqi� (ISCO), h teleutaÐa metatrèpetai
se isìthta kai mporoÔme na tic lÔsoume gia na broÔme tic timèc touc. EÐnai
protimìterh h grafik  anapar�stash thc aktÐnac kai enèrgeiac sunart sei
tou lìgou a/M . Gia par�deigma ja deÐxoume tic paramètrouc gia thn oriak 
eustaj c sumperistrofik  kuklik  troqi� swmatidÐou.

E =
1√
3
, L =

2M√
3
, rISCO = M

Sq ma 6: To aristerì mèroc thc eikìnac èqei thn grafik  par�stash thc aktÐnac rISCO se
suntetagmènec Boyer-Lindquistthc eswt�thc eustajoÔc kuklik c troqi�c sto epÐpedo tou
ishmerinoÔ miac peristrefìmenhc melan c op c sunart sei tou lìgou a/M . To dexiì mèroc
èqei thn grafik  anapar�stash thc enèrgeiac sÔndeshc an� mon�da m�zac hremÐac 1− e thc
eswt�thc eustajoÔc kuklik c troqi�c sto epÐpedo tou ishmerinoÔ miac melan c op c. [1]

H dèsmia enèrgeia an� mon�da m�zac hremÐac ja eÐnai 1−E, miac kai to E
dÐnei thn enèrgeia tou swmatidÐou ìpwc metr�tai apì to �peiro kai h eÔresh
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thc dèsmiac enèrgeiac gia ìpoia troqi�, eÐnai h diafor� apì thn enèrgeia pou
èqei to Ðdio kaj¸c kineÐtai se aut  thn troqi�.

3.2 Genikèc Exis¸seic KÐnhshc Gewdaitik¸n

Gia na oloklhr¸soume thn an�lus  mac, ja doÔme kai tic algebrikèc ek-
fr�seic gia ta ṙ kai θ̇ gia èna swmatÐdio me tetra-taqÔthta. Gia na to kata-
fèroume autì, eÐnai qr simh h prosèggish twn Hamilton-Jacobi .

Apì thn sÔndesh thc tetra-taqÔthtac me th tetra-orm  uα = gαβpβ, h
Qamiltonian  gr�fetai kai

H(xα, pβ) =
1
2
gαβpαpβ.

Me thn prosèggish Hamilton-Jacobi emfanÐzetai kai akìma mÐa stajer�
kÐnhshc. Y�qnoume thn exÐswsh,

S = S(xα, λ),

h opoÐa eÐnai lÔsh thc exÐswshc hamilton-Jacobi ,

H

(
xα,

∂S

∂xα

)
+

∂S

∂λ
= 0.

An h lÔsh exart�tai apì tic tèsseric stajerèc thc kÐnhshc apoteleÐ èna olo-
kl rwma, kai tìte,

∂S

∂xα
= pα.

'Eqoume  dh treic stajerèc,

H = 1
2
gαβpαpβ = 1

2
δ1 = constant

pt = −E = constant (60)

pϕ = L = constant .

Kai h S paÐrnei morf ,

S = −1
2
δ1λ− Et+ Lϕ+ Srθ(r, θ),

ìpou h Srθ eÐnai h exÐswsh twn r kai θ pou y�qnoume. Oi lÔseic prèpei na
eÐnai diaqwrÐsimec, dhlad ,

S = −1
2
δ1λ− Et+ Lϕ+ Sr(r) + Sθ(θ).

Kai antikajist¸ntac sth Hamilton-Jacobi , k�nontac qr sh kai twn ìrwn apì
thn (37),

37



− δ1 + gαβ
∂S

∂xα

∂S

∂xβ
=

− δ1 +
∆

ρ2

(
dSr

dr

)2

+
1

ρ2

(
dSθ

dθ

)2

− 1

∆

[
r2 + a2 +

2Ma2r

ρ2
sin2 θ

]
E2+

+
4Mra

ρ2∆
LE +

∆− a2 sin2 θ

ρ2∆sin2 θ
L2 = 0,

pollaplasi�zontac me ρ2 →

− δ1(r
2 + a2 cos2 θ) + ∆

(
dSr

dr

)2

+

(
dSθ

dθ

)2

−

−
[
(r2 + a2)2

∆
− a2 sin2 θ

]
E2 +

4Mar

∆
LE +

(
1

sin2 θ
− a2

∆

)
L2 = 0,

diaqwrÐzoume metaxÔ twn r kai θ →

∆

(
dSr

dr

)2

− δ1r
2 − (r2 + a2)2

∆
E2 +

4Mar

∆
LE − a2

∆
L2 =

= −
(
dSθ

dθ

)2

+ δ1a
2 cos2 θ − a2 sin2 θE2 − 1

sin2 θ
L2,

prosjètoume stic dÔo pleurèc th stajer  posìthta a2E2 + L2 →

∆

(
dSr

dr

)2

− δ1r
2 − (r2 + a2)2

∆
E2 +

4Mar

∆
LE − a2

∆
L2 + a2E2 + L2 =

= −
(
dSθ

dθ

)2

+ δ1a
2 cos2 θ + a2 cos2 θE2 − cos2 θ

sin2 θ
L2.

H parap�nw exÐswsh ikanopoieÐtai ìtan kai oi dÔo pleurèc isoÔntai me thn
Ðdia stajer� C, h opoÐa onom�zetai Carter . Tìte an orÐsoume tic exis¸seic
R(r) = ∆2(dSr/dr)2 kai Θ(θ) = (dSθ/dθ)2, èqoume tic exis¸seic,

Θ(θ) ≡ C + cos2 θ

[
(δ1 + E2)a2 − 1

sin2 θ
L2

]
R(r) ≡ ∆[δ1r

2 − (L− aE)2 − C] + [E(r2 + a2)− La]2.

Kai h lÔsh thc Hamilton-Jacobi apokt�ei thn morf ,

S = a1
2
δ1λ− Et+ Lϕ+

∫ √
R

∆
dr +

∫ √
Θdθ.
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'Ara, h stajer� Carter faÐnetai na eÐnai mÐa stajer� diaqwrismoÔ kai mazÐ
me tic upìloipec stajerèc dÐnetai h dunatìthta na lujoÔn probl mata sth
gewmetrÐa tou qwroqrìnou Kerr .

Mèsw twn exis¸sewn gia ta R(r) kai Θ(θ) mporoÔme na broÔme antÐstoiqec
algebrikèc ekfr�seic gia ta ṙ, θ̇ thc tetra-taqÔthtac,

p2θ = (gθθθ̇)
2 = (ρ2θ̇)2 = Θ(θ) ⇒ θ̇ = ± 1

ρ2

√
Θ (61aþ)

p2r = (grrṙ)
2 =

(
ρ2

∆
ṙ

)2

=
R(r)

∆
⇒ ṙ = ± 1

ρ2

√
R. (61bþ)

To ± exart�tai apì to prìshmo pou ja èqoun h taqÔthta sthn gwniak  kai
aktinik  kateÔjunsh antÐstoiqa. Oi (61aþ), (61bþ) mazÐ me tic genikèc ekfr�seic
twn (50aþ),(50bþ),

ṫ =
1

∆

[(
r2 + a2 +

2Mra sin2 θ

ρ2

)
E − 2Mar

ρ2
L

]
,

ϕ̇ =
1

∆

[(
1− 2Mr

ρ2

)
L

sin2 θ
+

2Mar

ρ2
E

]
. (62)

Parìla aut�, na anafèroume pwc oi perigraf  twn troqi¸n paramènei arket�
perÐplokh.

4 Mèjodoc arijmhtik c Olokl rwshc

Runge-Kutta

Se autì to kef�laio ja parousiasteÐ h mèjodoc olokl rwshc diaforik¸n
exis¸sewn kai eidikìtera h Runge-Kutta, pou ja qrhsimopoihjeÐ kai sthn
paroÔsa ergasÐa gia thn olokl rwsh twn gewdaitik¸n exis¸sewn sth gew-
metrÐa Kerr. H mèjodoc thc arijmhtik c olokl rwshc eÐnai mia diadikasÐa
upologismoÔ gia thn prosèggish thc oloklhrwtik c tim c miac sun�rthshc  
majhmatik¸n oloklhrwm�twn. Autèc oi mèjodoi qrhsimopoioÔntai ìtan kata-
steÐte adÔnato na lujeÐ analutik� k�poio oloklhrwtikì prìblhma.

Autèc oi mèjodoi epitrèpoun thn prosomoÐwsh, ton upologismì kai èlegqo
twn fusik¸n susthm�twn kai diadikasi¸n, akìmh kai ìtan den èqoume diajèsi-
mec aplèc analutikèc lÔseic. Sthn pr�xh, oi arijmhtikèc mèjodoi olokl rw-
shc eÐnai krÐsimec gia thn epÐlush fusik¸n problhm�twn kai gia thn prìbleyh
sumperifor¸n fusik¸n susthm�twn.

H mèjodoc Runge-Kutta qrhsimopoieÐtai gia ton arijmhtikì upologismì
sun jwn diaforik¸n exis¸sewn (SDE). EÐnai mÐa epagwgik  mèjodoc dhlad 
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lìgw thc prohgoÔmenhc jèshc prokÔptei h epìmenh. H mèjodoc Runge-Kutta
t�xhc p proseggÐzei thn olokl rwsh se N diakrit� b mata apì qrìno ti se tf ,
to b ma dhlad  eÐnai ∆t ≡ h = (tf − ti)/N , kai se k�je b ma eis�gei sf�lma
diakritopoÐhshc ∼ O(hp+1). To olikì sf�lma tìte eÐnai ∼ O(hp).

Gia thn katanìhsh thc mejìdou parousi�zetai èna aplì prìblhma se mèjo-
do pr¸thc t�xhc, �gnwsthc sun�rthshc x(t). H diaforik  thc exÐswsh eÐnai
thc morf c,

dx

dt
= f(t, x).

ProseggÐzoume thn par�gwgo sÔmfwna me thn peperasmènh diafor�,

dx

dt
≈ xn+1 − xn

∆t
= f(tn, xn) ⇒ xn+1 = xn + hf(tn, xn).

AnaptÔssoume sÔmfwna me to an�ptugma Taylor pou mac dÐnei to sf�lma gia

Sq ma 7: H gewmetrÐa tou b matoc gia mèjodo Runge-Kutta 1hc t�xhc. [11]

k�je b ma na eÐnai O(h2).

xn+1 = x(tn + h) = xn + h
dx

dt
(xn) +O(h2) = xn + hf(tn, xn) +O(h2)

Xekin�me apì to shmeÐo 1 ¸ste na prosdioristeÐ to shmeÐo xn+1 apì thn
grammik  epèktash tou pr¸tou sthn kateÔjunsh thc parag¸gou pou orÐzoume
wc, k1 ≡ f(tn, xn).

H mèjodoc belti¸netai ìtan p�roume kai èna endi�meso shmeÐo, to 2, ìpou
ja eÐnai deÔterhc t�xhc h mèjodoc me sf�lma b matoc O(h3). To shmeÐo eÐnai
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sto mèson tou diast matoc (tn, tn+1), me grammik  epèktash aut  th for� apì
to xn. Qrhsimopoi¸ntac thn klÐsh gia thn ektÐmhsh thc parag¸gou, èqoume
telik� gia to xn+1,

k1 = f(tn, xn)

k2 = f(tn +
h

2
, xn +

h

2
k1)

xn+1 = xn + hk2.

Sq ma 8: H gewmetrÐa tou b matoc gia mèjodo Runge-Kutta 2hc t�xhc. [11]

Profan¸c, qrhsimopoi¸ntac perissìtera shmeÐa h mèjodoc ja belti¸netai
perissìtero. Autì faÐnetai me th Runge-Kutta tètarthc t�xhc, dhlad  upo-
logÐzetai tèsseric forèc h sun�rthsh f kai to sf�lma eÐnai O(h4). Qrhsimo-
poioÔntai 3 endi�mesa shmeÐa gia thn pro¸jhsh apì xn sto xn+1, me parìmoio
trìpo ìpwc gia ta duo endi�mesa shmeÐa. EÐnai, loipìn, tèsseric par�gwgoi
wc ektimhtèc thc sun�rthshc me sf�lma b matoc thc sun�rthshc O(h5).

k1 = f(tn, xn) (63)

k2 = f(tn +
h

2
, xn +

h

2
k1) (64)

k3 = f(tn +
h

2
, xn +

h

2
k2) (65)

k4 = f(tn + h, xn + hk3) (66)

xn+1 = xn +
h

6
(k1 + 2k2 + 2k3 + k4) (67)
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Sthn teleutaÐa exÐswsh, o deÔteroc ìroc eÐnai o mèsoc ìroc twn tess�rwn pa-
rag¸gwn, upologismènoc me tètoio trìpo ¸ste na exafanÐzontai ta sf�lmata
mèqric pèmpthc t�xhc, h5.

Gia ton programmatismì tou parap�nw, ac jewr soume to prìblhma enìc
swmatidÐou upì thn epÐdrash dun�mewn, oi opoÐec dÐnontai apì ton nìmo tou
NeÔtwna. Kai ja anazhthjeÐ h lÔsh twn exis¸sewn kÐnhs c tou pou mporoÔn
na graftoÔn,

d2x⃗

dt2
= a⃗(t, x⃗, v⃗),

a⃗(t, x⃗, v⃗) ≡ F⃗

m
kai v⃗ =

dx⃗

dt
.

(68)

Ja doÔme thn kÐnhsh tou swmatidÐou p�nw sthn eujeÐa me arqikèc sunj kec,

dx

dt
= v

dv

dt
= a(t, x, v) (69)

x(t0) = x0 v(t0) = v0. (70)

Autì to sÔsthma to oloklhr¸noume gia tic dÔo sunart seic x1(t) ≡ x(t)
kai x2(t) ≡ v(t).

dx1

dt
= f1(t, x1, x2)

dx2

dt
= f2(t, x1, x2)

Sq ma 9: H gewmetrÐa tou b matoc gia mèjodo Runge-Kutta 4hc t�xhc. [11]
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Kai tìte h mèjodoc Runge-Kutta 4hc t�xhc genikeÔetai,

k11 = f1(tn, x1,n, x2,n)

k21 = f2(tn, x1,n, x2,n)

k12 = f1(tn +
h

2
, x1,n +

h

2
k11, x2,n +

h

2
k21)

k22 = f2(tn +
h

2
, x1,n +

h

2
k11, x2,n +

h

2
k21)

k13 = f1(tn +
h

2
, x1,n +

h

2
k12, x2,n +

h

2
k22)

k23 = f2(tn +
h

2
, x1,n +

h

2
k12, x2,n +

h

2
k22)

k14 = f1(tn + h, x1,n + hk13, x2,n + hk23)

k24 = f2(tn + h, x1,n + hk13, x2,n + hk23)

x1,n+1 = x1,n +
h

6
(k11 + 2k12 + 2k13 + k14)

x2,n+1 = x2,n +
h

6
(k21 + 2k22 + 2k23 + k24).

AntÐstoiqa mporoÔme na epekteÐnoume kai se perissìterec diast�seic.

5 An�lush Apotelesm�twn

Sto parìn komm�ti thc ergasÐac ja analujoÔn ta apotelèsmata pou dÐnei
to prìgramma pou sunt�qjhke se gl¸ssa Fortran me th qr sh thc upologi-
stik c mejìdou Runge-Kutta 4hc t�xhc.

O k¸dikac brÐsketai sto Aþ Par�rthma kai èqei epileqjeÐ h an�lush twn
gewdaitik¸n exis¸sewn se suntetagmènec Boyer-Lindquist sto epÐpedo tou
ishmerinoÔ θ = π/2 gia th metrik  Kerr. Oi gewdaitikèc exis¸seic èqoun
upologisteÐ apì notebook sto Mathematica, me qr sh tou bohjhtikoÔ logi-
smikoÔ xAct kai xCoba. Oi gewdaitikèc eÐnai qronoeideÐc.

ẗ =
1

4(r4(a2 + r(−2M + r)))
(Mṙ(4a4ṫ− a5ϕ̇− 4a2ṫr2 + 5a3ϕ̇r2 − 8ṫr4+

12aϕ̇r4 + a3ϕ̇(a2 − r2)− 4a(a3ṫ+ aṫr2 − a2ϕ̇r2 − 3ϕ̇r4)))
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r̈ = − 1

r5(a2 + r(−2M + r))
(a2Mϕ̇2r(a2 + r(−2M + r))2 − ϕ̇r(2aMṫ+ ϕ̇r3)·

(a2 + r(−2M + r))2 + r(a4Mṫ2 + a2r(−4M2ṫ2 + 2Mṫ2r + ṙ2r2)+

Mr2(4M2ṫ2 − 4Mṫ2r + (ṫ2 − ṙ2)r2)))

ϕ̈ = −2ṙ(aMṫ− a2Mϕ̇+ ϕ̇r2(−2M + r))

r2(a2 + r(−2M + r))

Oi stajerèc posìthtec L kai E upologÐzontai wc ex c,

L = −2Ma

r
ṫ+

(
r2 + a2 +

2Ma2

r

)
ϕ̇

E =

(
1− 2M

r

)
ṫ+

2Ma

r
ϕ̇

H arqik  taqÔthta ṫ upologÐzetai mèsw diakrÐnousac lÔnontac to stoiqeÐo
m kouc gia ds2/dτ 2 = −1. H arnhtik  tim  thc ja aporrÐptetai kaj¸c dÐnei
migadikèc lÔseic, kai ìtan eÐnai jetik  epilègoume thn jetik  tim  gia to ṫ0.

H ergìsfaira, efìson melet�tai h perÐptwsh tou ishmerinoÔ, eÐnai metaxÔ
0 ≤ rE ≤ 2M . Oi orÐzontec upologÐzontai apì tic gnwstèc exis¸seic gia
r± = M ±

√
M2 − a2.

To pr¸to pr�gma pou exet�zetai wc proc thn egkurìthta tou k¸dika eÐnai
e�n oi stajerèc posìthtec E kai L paramènoun stajerèc. Autì exet�zetai
mèsa apì to arqeÐo dedomènwn el.dat. Trèqontac gia di�forec arqikèc timèc
kai gia timèc thc stajer�c Kerr a ̸= 0, a = 0.2, a = 0.6 kai a = 0.8,
parathreÐtai ìti oi timèc paramènoun stajerèc gia sugkekrimènouc qrìnouc
pou trèqei to prìgramma. Sugkekrimèna, oi stajerèc den all�zoun gia polÔ
mikroÔc qrìnouc stic t�xeic twn mon�dwn, p.q. tf = 1, sumperilambanomènwn
p�nta kai twn upoloÐpwn tim¸n tou k¸dika. Shmei¸netai akìma pwc h allag 
tou Nt den ephre�zei ta apotelèsmata.

MegalÔtero prìblhma parathreÐtai sth stajer� L, kaj¸c eidik� met� to
pèrac tou qrìnou tf = 1 up�rqei apìtomh meÐwsh. EpÐshc, ìtan h stajer�
Kerr èqei timèc makru� apì to ìrio a → 0 oi stajerèc sumperifèrontai pio
{ìmorfa}, all� kai p�li up�rqei apìklish met� apì k�poio ìrio ston qrìno.
Sto sq ma 10 faÐnetai h sqèsh aut  twn stajer¸n posot twn sunart sei
tou qrìnou. Oi apoklÐseic eÐnai tic t�xewc 10−6 opìte proc to parìn den mac
apasqoloÔn.
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Sq ma 10: Stajerèc E kai L gia di�forec timèc thc stajer�c Kerr. Arqikèc sunj kec kai
gia ta dÔo a, M = 1, ṙ = 0 kai ϕ̇ = 0.01. Me r+ = 2 gia a = 0 me E = 0.8895 kai L = 1
kai 0.4 ≤ r ≤ 1.6 me E = 0.8989 kai L = 0.8282 gia a = 0.8.

Xekin¸ntac th diereÔnhsh sth sumperifor� swmatidÐou me th melan  op ,
melet�tai h perÐptwsh a = 0, dhlad  sto ìrio thc melan c op c Schwarzschild,
kaj¸c kai arket� kont� sto ìrio, a = 0.2. Epilègetai h melèth thc aktinik c
pt¸shc, èna swmatÐdio apì k�poia apìstash r ektìc thc melan c op c pèftei
eleÔjero proc ekeÐnh.

Sq ma 11: Sun�rthsh r wc proc ton idiìqrono τ . Arqikèc sunj kec kai gia tic dÔo peri-
pt¸seic M = 1, r = 20, ṙ = 0, ϕ̇ = 0.

Met� apì k�poio qronikì di�sthma, faÐnetai pwc oi posìthtèc mac apei-
rÐzontai.
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Sq ma 12: Arqikèc sunj kec M = 1, r = 20, ṙ = 0, ϕ̇ = 0, E = 0.9487, L = 0. Me
orÐzonta r+ = 2.

Sq ma 13: Arqikèc sunj kec M = 1, r = 20, ṙ = 0, ϕ̇ = 0, E = 0.9487, L = −2.1082. Me
orÐzonta 0.02 ≤ r ≤ 1.98.

46



Autì èqei k�poia logik  efìson sumbaÐnei kont� ston orÐzonta thc melan c
op c, kai gia tic dÔo peript¸seic, kaj¸c Ôstera apì ekeÐno to ìrio to swma-
tÐdio pèftei sto eswterikì thc melan c op c kai kajÐstatai adÔnath h melèth
thc sumperifor�c tou. AntÐstoiqa kai h L pou èqei mia genik  ast�jeia, kont�
ston orÐzonta megal¸nei kai ekeÐnh me èntono rujmì. Autèc oi sumperiforèc
faÐnontai entonìtera gia a = 0.2, dhlad  èqontac k�poia peristrof  all�
paramènontac kont� sto ìrio gia melan  op  Schwarzschild.

Apì tic anaparast�seic se diagr�mmata twn stajer¸n kaj¸c kai thc qro-
nik c exèlixhc twn t,r kai ϕ, (sq mata 11, 12, 13) parathreÐtai aut  h ast�jeia
kont� ston orÐzonta.

Sth sunèqeia, paramènontac se melan  op  Schwarzschild anazhteÐtai mÐa
dèsmia troqi� gÔrw apì ton orÐzonta. Kai autì faÐnetai sto sq ma 14 pwc to
swmatÐdio ekteleÐ dèsmia elleiptik  troqi� gÔrw apì th melan  op .

Apì tic parak�tw grafikèc anazht jhkan ta shmeÐa sta energeiak� dia-
gr�mmata ìpou tautÐzetai h grafik  anapar�stash tou Veff me to (E2 − 1)/2
kai apì ta diagr�mmata twn troqi¸n anazht jhkan oi timèc sto pio kontinì sh-
meÐo kai antÐstoiqa sto pio makrinì apì ton orÐzonta thc melan c op c. Sto
sugkekrimèno di�gramma èqoume mÐa stajer  troqi� gÔrw apì ton orÐzonta
kai blèpoume h troqi� na gÐnetai metaxÔ twn tim¸n [29.457, 31.1905] apì ton
�xona x to opoÐo mporeÐ na parathrhjeÐ apì to energeiakì di�gramma metaxÔ
twn tim¸n [28.7696, 32.1822] ston �xona r/M . Ta sf�lmata eÐnai se apodekt�
epÐpeda.

Sq ma 14: Anapar�stash Veff (arister�) kai troqi�c (dexi�). Arqikèc sunj kec M = 2,
r = 29.5, E = 0.9298, L = 8.7025, ṙ = 0, ϕ̇ = 0.01 kai me orÐzonta r+ = 4, o opoÐoc
tautÐzetai me thn ergìsfaira kai anaparÐstatai me to pr�sino qr¸ma. Sto di�gramma tou

dunamikoÔ h pr�sinh gramm  anaparist� thn enèrgeia E2−1
2 .

Parousi�zontai kai diagr�mmata twn stajer¸n kai suntetagmènwn, sq ma
15.
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Sq ma 15: Arqikèc sunj kec M = 2, r = 29.5, E = 0.9298, L = 8.7025, ṙ = 0, ϕ̇ = 0.01
kai me orÐzonta r+ = 4.

SuneqÐzontac th melèth gia thn tim  thc stajer�c Kerr, h opoÐa mega-
l¸nei mèqri na plhsi�sei kont� se oriak  melan  op , parathreÐtai kalÔterh
eust�jeia stic stajerèc, eidik� thn E.

Exet�zontac gia a = 0.6 kai a = 0.9 se k�poia apìstash makru� apì th
melan  op  parathreÐtai dèsmia troqi� gÔrw thc.

Sta sq mata 16, 17 kai 18 oi troqièc twn swmatidÐwn apì k�poia apìstash
makru� apì th melan  op , faÐnetai na katal goun se dèsmia troqi� gÔrw apì
ekeÐnh. Gia megalÔterh peristrof  faÐnetai pio èntonh kai h troqi�.

Sto sq ma 16 up�rqei troqi� gÔrw apì th melan  op  me to kontinìtero
shmeÐo na eÐnai to x = 9.5635 kai gia to energeiakì di�gramma r = 9.3854
kai pio apomakrusmèno shmeÐo na eÐnai to x = 19.9811 kai r = 20.0133, ìtan
eÐnai a = 0.6. Gia a = 0.9, tìte oi antÐstoiqec timèc eÐnai x = 9.8143 kai
r = 9.8188 gia to kontinìtero shmeÐo kai x = 19.6474 kai r = 20.0133 gia to
pio apomakrusmèno. Ta sf�lmata eÐnai se apodekt� epÐpeda.
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Sq ma 16: Anapar�stash dèsmiac troqi�c. Arqikèc sunj kec kai gia tic dÔo peript¸seic
a − 0.6 kai a = 0.9, M = 1, r = 20, ṙ = 0, ϕ̇ = 0.01 me orÐzontec r+ = 1.8, r− = 0.2
kai r+ = 1.44, r− = 0.56, anaparÐstantai me to pr�sino kai mple qr¸ma, antÐstoiqa.H
ergìsfaira me kÐtrino. Sto di�gramma tou dunamikoÔ h pr�sinh gramm  anaparist� thn

enèrgeia E2−1
2

Sq ma 17: Arqikèc sunj kec M = 1, r = 20, ṙ = 0, ϕ̇ = 0.01...
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Sq ma 17: ...sunèqeia, me orÐzontec r+ = 1.8, r− = 0.2.E = 0.9675 kai L = 3.9395.

Sq ma 18: Arqikèc sunj kec M = 1, r = 20, ṙ = 0, ϕ̇ = 0.01 me orÐzontec r+ = 1.44, r− =
0.56. E = 0.9675 kai L = 3.9122.

Se ìlec tic grafikèc twn dedomènwn parathreÐtai mÐa periodikìthta stic
enallagèc twn tim¸n, pou jewrhtik� èqei b�sh kaj¸c plhsi�zei kai apoma-
krÔnetai apì to kèntro thc melan c op c.
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Stic parap�nw arqikèc sunj kec exet�zetai kai h perÐptwsh gia arnhtik 
tim  sth stroform , dhlad  to swmatÐdio na kineÐtai antiperistrofik� me th
melan  op .

EkeÐno pou parathreÐtai eÐnai pwc t¸ra den up�rqei dèsmia troqi� all�
troqi� pt¸shc proc th melan  op . 'Opwc anafèrjhke kai sthn arq  tou
kefalaÐou emfanÐzetai sf�lma met� apì k�poio qronikì di�sthma, ètsi upo-
jètoume pwc antikatoptrÐzei thn pt¸sh sto kèntro thc melan c op c ìpou
apeirÐzontai ta dedomèna. Pio èntonh diakrÐnetai h pt¸sh sto megalÔtero a,
sq ma 19.

Sq ma 19: Di�gramma troqi¸n. Arqikèc sunj kec kai gia tic dÔo peript¸seic M = 1,
r = 20, ṙ = 0, ϕ̇ = −0.01 me orÐzontec r+ = 1.8, r− = 0.2 kai r+ = 1.4358, r− =
0.5641, anaparÐstantai me to pr�sino kai mple qr¸ma, antÐstoiqa. H ergìsfaira me kÐtrino.

Sto di�gramma tou dunamikoÔ h pr�sinh gramm  anaparist� thn enèrgeia E2−1
2 . Ta E =

0.9675, L = −4.0685 kai E = 0.9675, L = −4.1058.
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Sq ma 20: Arqikèc sunj kec M = 1, r = 20, ṙ = 0, ϕ̇ = −0.01 me orÐzontec r+ = 1.8, r− =
0.2. E = 0.9675 kai L = −4.0685.
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Sq ma 21: Arqikèc sunj kec M = 1, r = 20, ṙ = 0, ϕ̇ = −0.01 me orÐzontec r+ =
1.4358, r− = 0.5641. E = 0.9675 kai L = −4.1058. Sto di�gramma Veff to V+ èqei qr¸ma
mwb kai to V− qr¸ma pr�sino.

Aut  h sumperifor� pt¸shc faÐnetai kai apì ta diagr�mmata twn stajer¸n
tim¸n (sq mata 20 kai 21).

MporeÐ akìma na melethjeÐ ti sumbaÐnei stic parap�nw arqikèc sunj kec
all� t¸ra na aux�netai to ṙ. Kai stic dÔo peript¸seic parathroÔntai dèsmiec
troqièc gÔrw apì th melan  op . H perÐptwsh tou ṙ = 1 den emfanÐzetai
kaj¸c apokt� E2 > 1 kai diafeÔgei apì th melan  op .
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Sq ma 22: Arqikèc sunj kec M = 1, r = 20, ϕ̇ = 0.01 me orÐzontec r+ = 1.8, r− = 0.2,
h p�nw eikìna to ṙ = 0.01 me E = 0.9675 kai L = 3.9395 kai sthn k�tw to ṙ = 0.1 me
E = 0.9726 kai L = 3.9392. Sto di�gramma tou dunamikoÔ h pr�sinh gramm  anaparist�

thn enèrgeia E2−1
2

'Oson afor� to sq ma 22, ìpou parousi�zetai dèsmia troqi� gÔrw apì th
melan  op  gia to p�nw me ṙ = 0.01, ta shmeÐa eÐnai x = 9.4341 kai r = 9.3854
gia to pio kontinì kai antÐstoiqa gia ekeÐno pio makru� na eÐnai to x = 19.9297
kai r = 20.0133. Gia thn troqi� me ṙ = 0.1 oi timèc eÐnai x = 8.2375 me
r = 8.2316 kai x = 27.0327 me r = 26.8893. Ta sf�lmata eÐnai se apodekt�
epÐpeda.

Gia megalÔterec timèc sto ṙ h enèrgeia xepern�ei kai dunamikì kai to sw-
matÐdio diafeÔgei sto �peiro qwrÐc na plhsi�sei th melan  op .
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Sq ma 23: Arqikèc sunj kec M = 1, r = 20, ṙ = 1 kai ϕ̇ = 0.01 me orÐzontec r+ =
1.8, r− = 0.2, me E = 1.3911 kai L = 3.9113. Sto di�gramma tou dunamikoÔ h pr�sinh

gramm  anaparist� thn enèrgeia E2−1
2

Gia to a = 0.9 ta apotelèsmata eÐnai sqedìn panomoiìtupa, opìte epilège-
tai na mh parousiastoÔn.

Akìma, stic arqikèc sunj kec pou meletoÔntai parap�nw, dokim�zetai apì
k�poia apìstash makru� apì th melan  op , me touc Ðdiouc qrìnouc na mikraÐnei
h stajer� Kerr, gia na melethjeÐ h sumperifor� thc troqi�c. FaÐnontai ìlec
na eÐnai dèsmiec troqièc qwrÐc idiaÐterec diaforèc.

Sq ma 24: Arqikèc sunj kec M = 1, r = 20, ṙ = 0, ϕ̇ = 0.01. Gia a = 0.6 eÐnai
r+ = 1.8, r− = 0.2 kai E = 0.949, L = 3.9141...
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Sq ma 24: ...sunèqeia. Gia a = 0.4 eÐnai r+ = 1.9165, r− = 0.0835 kai E = 0.9489, L =
3.9596. Gia a = 0.1 eÐnai r+ = 1.9949, r− = 0.005 kai E = 0.9488, L = 3.9896. Oi
orÐzontec anaparÐstantai me mple kai pr�sino, antÐstoiqa, kai h ergìsfaira me kÐtrino qr¸ma.

Sto di�gramma tou dunamikoÔ h pr�sinh gramm  anaparist� thn enèrgeia E2−1
2

Sto sq ma 24, ìpwc kai sta parap�nw pou anafèrjhkan, eÐnai gia to
a = 0.6 to shmeÐo pio kont� ston orÐzonta eÐnai x = 9.5635 me r = 9.3854 kai
to shmeÐo pio makru� apì autìn x = 19.9811 me r = 20.0133, omoÐwc kai gia
tic upìloipec stajerèc Kerr tou sq matoc. Gia to a = 0.4 ja eÐnai x = 9.0841
me r = 9.0502 kai x = 20.0643 me r = 20.0257. To teleutaÐo gia a = 0.1 eÐnai
x = 8.4105 me r = 8.4404 kai x = 20.1797 me r = 20.0344 Ta sf�lmata eÐnai
se apodekt� epÐpeda.

Tèloc ja diereun soume to frame dragging sth melan  op . Dhlad  èna
swmatÐdio me mhdenik  arqik  stroform  to opoÐo, kaj¸c pèftei proc th mela-
n  op  erqìmeno apì to �peiro, telik� ja apokt sei stroform . Sto sq ma
25, exet�zontai oi timèc tou a = 0.2, a = 0.9. To swmatÐdio xekin�ei apì
apìstash r = 20 èxw apì th melan  op  me ϕ̇ = 0. 'Opwc faÐnetai apì tic
arnhtikèc timèc tou L den katafèrnoume na èqoume mhdenik  stroform  gia
ènan parathrht  ZAMO, all� ja prospaj soume na doÔme an h melan  op 
ja all�xei thn kateÔjunsh tou swmatidÐou apì antiperistrofik� aL < 0 se
peristrof  sÔmfwnh me ekeÐnh thc melan c op c.
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Sq ma 25: Arqikèc sunj kec gia ta di�fora a eÐnai M = 1, r = 20 (gia kalÔterh eukrÐneia
tou diagr�mmatoc blèpoume mìno thn perioq  metaxÔ −5 < r < 5), ϕ̇ = 0 me orÐzontec gia
a = 0.2 na eÐnai r+ = 1.9797, r− = 0.0202 kai gia a = 0.9 na eÐnai r+ = 1.4358, r− = 0.5641,
anaparÐstantai me to pr�sino kai mple qr¸ma, antÐstoiqa. H ergìsfaira me kÐtrino. EÐnai
E0.2 = 0.9487, L0.2 = −2, 1083 kai E0.9 = 0.9487, L0.9 = −9, 4874. Sto di�gramma tou

dunamikoÔ h pr�sinh gramm  anaparist� thn enèrgeia E2−1
2 . Tèloc ta diagr�mmata tou ϕ̇

kai gia ta dÔo a.

ParatÐjentai ta diagr�mmata twn stajer¸n posot twn kai twn metablht¸n
gia to parap�nw.
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Sq ma 26: Arqikèc sunj kec a = 0.2, M = 1, r = 20, E = 0.9487, L = −2.1083, ṙ = 0.01,
ϕ̇ = 0 kai a = 0.9, M = 1, r = 20, E = 0.9487, L = −9.4874, ṙ = 0.01, ϕ̇ = 0.

Kai gia tic dÔo peript¸seic xekin¸ntac me mhdenik  ϕ̇ blèpoume pwc apokt�
taqÔthta kaj¸c eisèrqetai sthn ergìsfaira thc melan c op c.

Gia thn perÐptwsh a = 0.2 apì to energeiakì di�gramma diakrÐnoume pwc
ja gÐnei pt¸sh sth melan  op , ìpwc kai faÐnetai apì ta upìloipa kai tic
apìtomec mei¸seic twn tim¸n twn stajer¸n. H pt¸sh aut  pijanìtata na
ofeÐletai sth mikr  posìthta thc stajer�c Ker.

Sthn perÐptwsh a = 0.9 ja mporoÔsame na poÔme pwc èqoume frame drag-
ging kaj¸c afoÔ to swmatÐdio eisèrqetai sthn ergìsfaira, mpaÐnei se kÐnhsh
gÔrw apì ton orÐzonta kai sto tèloc all�zei kateÔjunsh kai kineÐtai sumperi-
strofik� kai en tèlei diafeÔgei apì th melan  op . To teleutaÐo ja mporoÔse
na ofeÐletai sth diadikasÐa Penrose, ìpou to swmatÐdio kaj¸c eisèrqetai sthn
ergoperioq  kai h enèrgeia tou gÐnetai arnhtik , sq ma 26, diasp�tai se dÔo
swmatÐdia me to èna na diafeÔgei kai to �llo na pèftei sth melan  op . All�
autì eÐnai k�ti pou mìno ja mporoÔsame na to upojèsoume. To energeiakì di-
�gramma ja mporoÔse na ermhneuteÐ eÐte san troqi� pou katal gei sth melan 
op  eÐte san troqi�, erqìmenh apì to �peiro, diafug c.

Apì ìlh th diadikasÐa thc an�lushc, faÐnetai na up�rqoun endiafèronta
apotelèsmata akìma kai k�poia ta opoÐa deÐqnoun pwc o k¸dikac pou qrhsi-
mopoi jhke par�gei logik� apotelèsmata. Sthn perÐptwsh diastaur¸sewn,
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an up rqan perissìtera ereunhtik� �rjra stic qronoeideÐc gewdaitikèc thc
metrik c Kerr, ja dinìtan mia pio emperistatwmènh an�lush. Paramènei, ìmwc,
èna jèma pou qrÐzei perissìterh empeirÐa kai pio polÔplokec diadikasÐec arij-
mhtik c an�lushc kai apeikìnishc.
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Aþ Par�rthma

Parak�tw paratÐjetai o k¸dikac pou qrhsimopoi jhke gia ton arijmhtikì
upologismì. Oi ekfr�seic twn gewdaitik¸n exis¸sewn èqoun qrhsimopoihjeÐ
apì to notebook tou xAct kai xCoba, pou melet�ei tic suntetagmènec Boyer-
Lindquist gia thn metrik  Kerr.

program kerrgeodesic
!This program will try and calculate the geodesic motion of a Kerr black hole
!in Boyer-Lindquist coordinates at the equatiorial plane, theta=pi/2
implicit none
real(8) :: vt, vph, vr
real(8) :: ti, tf, dt, time
real(8) :: M, a,J, t, r,ph, r0, vt0, vr0, vph0, D, L,E, rp, rm, rep, rem
real(8) :: geot, geor, geoph, Vminus, Vplus, Veff
real(8) :: ddt, ddr, ddph
integer :: nt, i
real(8), parameter :: pi = 3.14159265, radian = pi/180.0

!Input:
print *, ’We are stationed around the equatorial plane, theta=pi/2.’
print *, ’Input black hole mass M and Kerr parameter a:’
read *, M,a
!————Kerr parameter————-
if (a .eq. M) then
print *, ’This is a massive Kerr black hole and it is unstable.&

Please try with different values for either M and a.’
read *, M, a
else if (a .gt. M) then
print *, ’This metric does not describe a Kerr black hole,&

there is no horizon. It is a naked singularity ’, &
’and we do not have a real solution, please enter different value for a.’

read *, a
else
end if

J = a*M
print *, ’M = ’,M, ’,a = ’,a, ’and J=’,J
print *, ’Input initial position (r) and velocity (vr, vphi) of the particle:’
read *, r0, vr0, vph0
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do while (r0 .lt. M + sqrt(M**2 - a**2))
if (r0 .lt. M + sqrt(M**2 - a**2)) then
print *, ’Please enter a value outside of the black hole horizon.’
read *, r0
endif
end do
print *, ’Enter Tf, Nt:’
read *, tf, nt

ti=0.0D0
time=0.0D0
dt = (tf - ti)/(nt - 1)
t=ti
ph=0.0D0
!—-Horizon & Ergoshpere of Black Hole—-
rp = M + sqrt(M**2 - a**2)
rm = M - sqrt(M**2 - a**2)

if (D(M,a,r0,vr0,vph0) .lt. 0) then
print *, ’Please run program again.’
stop
else if (D(M,a,r0,vr0,vph0) .gt. 0) then
vt0 = ((2*M*a*vph0)/r0 - sqrt(D(M,a,r0,vr0,vph0)))/(-2*(1 - 2*M/r0))
else if (D(M,a,r0,vr0,vph0) .eq. 0) then
vt0 = - (2*M*a*vph0)/(r0 - 2*M)
end if

print*, ’L= ’, L(M,a,r0,vt0,vph0),’,E= ’, E(M,a,r0,vt0,vph0)

open(unit=11, file=’vel.dat’)
open(unit=12, file=’pot.dat’)
open(unit=13, file=’check.dat’)
write(11,*) t,r0,ph,vt0,vr0,vph0,E(M,a,r0,vt0,vph0),L(M,a,r0,vt0,vph0)
write(12,*) time, t,r0,Veff(M,a,E(M,a,r0,vt0,vph0),L(M,a,r0,vt0,vph0),r0), &

Vplus(L(M,a,r0,vt0,vph0),a,M,r0), Vminus(L(M,a,r0,vt0,vph0),a,M,r0), &
E(M,a,r0,vt0,vph0)

write(13,*) time,t,vt0,((r0**2 +a**2 +(2*a**2*M)/r0)*E(M,a,r0,vt0,vph0)-&
((2*a*M)/r0)*L(M,a,r0,vt0,vph0))/(r0**2 -2*M*r0 + a**2) ,&
vph0,((1 -2*M/r0)*L(M,a,r0,vt0,vph0)+(2*a*M/r0)*E(M,a,r0,vt0,vph0))/&
(r0**2 -2*M*r0 +a**2)
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r=r0
vt=vt0
vr=vr0
vph=vph0

do i=2,nt
call RK(t,ddt,ddr,ddph,vt,vr,vph,ti,tf,dt,nt,a,M,r,ph,time)
write(11,*) time,t,r,ph,vt,vr,vph,E(M,a,r,vt,vph),L(M,a,r,vt,vph)
write(12,*) time,t,r,Veff(M,a,E(M,a,r,vt,vph),L(M,a,r,vt,vph),r), &

Vplus(L(M,a,r,vt,vph),a,M,r),Vminus(L(M,a,r,vt,vph),a,M,r),&
E(M,a,r,vt,vph)

write(13,*) time, t, vt,((r**2 +a**2 + (2*a**2*M)/r)*E(M,a,r,vt,vph) -&
((2*a*M)/r)*L(M,a,r,vt,vph))/(r**2 -2*M*r + a**2) ,&
vph,((1 -2*M/r)*L(M,a,r,vt,vph)+(2*a*M/r)*E(M,a,r,vt,vph))/&
(r**2 -2*M*r +a**2)

enddo
close(11)
close(12)
close(13)

end program kerrgeodesic
!======================

!Functions=============
real(8) function D(M,a,r,vr,vph)
implicit none
real(8) :: M,a,r,vr,vph

D = 4.0D0*((r*vr**2*(r-2.0D0*M))/(r**2 -2.0D0*M*r + a**2) &
+ vph**2*(r**2 -2.0D0*M*r +a**2) + (1.0D0 - 2.0D0*M/r))

end function D
!========================
!Geodesics functions
!=========================
real(8) function geot(M, a, vt, vph, vr, r)
implicit none
real(8) :: M, a, vt, vph, vr, r

geot = 0.25*(M*vr*(4*a**4*vt - a**5*vph - 4*a**2*vt*r**2 &
+ 5*a**3*vph*r**2 - 8*vt*r**4 +12*a*vph*r**4 &
+ a**3*vph*(a**2 - r**2) &
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- 4*a*(a**3*vt + a*vt*r**2 - a**2*vph*r**2 - 3*vph*r**4)))/&
(r**4*(a**2 + r*(-2*M + r)))

end function geot
!—————————-
real(8) function geoph(M, a, vt, vph, vr, r)
implicit none
real(8) :: M, a, vt, vph, vr, r

geoph = -((2*vr*(a*M*vt - a**2*M*vph + vph*r**2*(-2*M + r)))/&
(r**2*(a**2 + r*(-2*M + r))))

end function geoph
!—————————–
real(8) function geor(M, a, vt, vph, vr, r)
implicit none
real(8) :: M, a, vt, vph, vr, r

geor = -((a**2*M*vph**2*r*(a**2 + r*(-2*M + r))**2 - &
vph*r*(2*a*M*vt + vph*r**3)*(a**2 + r*(-2*M + r))**2 + &
r*(a**4*M*vt**2 + a**2*r*(-4*M**2*vt**2 &
+ 2*M*vt**2*r + vr**2*r**2) + &
M*r**2*(4*M**2*vt**2 - 4*M*vt**2*r + (vt**2 - vr**2)*r**2)))/&
(r**5*(a**2 + r*(-2*M + r))))

end function geor
!——————————
!==============================
!—-Constants Functions—-
real(8) function L(M,a,r,vt,vph)
implicit none
real(8) ::M,a,r,vt,vph

L = -((2*M*a)/r)*vt + ((r**2 + a**2 +(2*M*a**2)/r))*vph
end function L
!——————————-
real(8) function E(M,a,r,vt,vph)
implicit none
real(8) ::M,a,r,vt,vph
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E = (1-(2*M)/(r))*vt + ((2*M*a)/r)*vph
end function E
!——————————–
!================================
!——Potentials—–
real(8) function Vplus(L,a,M,r)
implicit none
real(8) :: L,a,M,r

Vplus = (L*(-2*M*a/r + sqrt(r**2 -2*M +a**2)))/(r**2 + a**2 + 2*M*a**2/r)

end function Vplus
!———————————
real(8) function Vminus(L,a,M,r)
implicit none
real(8) :: L,a,M,r

Vminus = (L*(-2*M*a/r - sqrt(r**2 -2*M +a**2)))/(r**2 + a**2 + 2*M*a**2/r)

end function Vminus
!——————————-
real(8) function Veff(M,a,E,L,r)
implicit none
real(8) :: M,a,E,L,r

Veff = -M/r + (L**2 - a**2*(E**2-1))/(2*r**2) - (M*(L-a*E)**2)/(r**3)

!Subroutines—————-
subroutine RK(t,ddt,ddr,ddph,vt,vr,vph,ti,tf,dt,nt,a,M,r,ph,time)
implicit none
real(8) :: t, dt,ti,tf,vt,vr,vph,time
real(8) :: L,E,a,M,r,ph
real(8) :: gtt, gtph, gphph, ddt, ddph, ddr, geot, geor, geoph
real(8) :: k11,k12,k13,k14,k21,k22,k23,k24,k31,k32,k33,k34,k41,k42,k43,k44
real(8) :: kvt1,kvt2,kvt3,kvt4,kvr1,kvr2,kvr3,kvr4,kvph1,kvph2,kvph3,kvph4
real(8) :: h,h2,h6
integer :: nt

h = dt
h2 = 0.5D0*h
h6 = h/6.0D0
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!First group:
kvt1 = vt
kvr1 = vr
kvph1 = vph
!—————————–
k11 = geot(M, a, vt, vph, vr, r)
k21 = geor(M, a, vt, vph, vr, r)
k31 = geoph(M, a , vt, vph, vr, r)

!Second group:
kvt2 = vt + h2*k11
kvr2 = vr + h2*k21
kvph2 = vph + h2*k31
!——————————
k12 = geot(M, a, vt+h2*k11, vph+h2*k21, vr+h2*k31, r+h2*kvr1)
k22 = geor(M, a, vt+h2*k11, vph+h2*k21, vr+h2*k31, r+h2*kvr1)
k32 = geoph(M, a, vt+h2*k11, vph+h2*k21, vr+h2*k31, r+h2*kvr1)

!Thrird group:
kvt3 = vt + h2*k12
kvr3 = vr + h2*k22
kvph3 = vph + h2*k32
!——————————-
k13 = geot(M, a, vt+h2*k12, vph+h2*k22, vr+h2*k32, r+h2*kvr2)
k23 = geor(M, a, vt+h2*k12, vph+h2*k22, vr+h2*k32, r+h2*kvr2)
k33 = geoph(M, a, vt+h2*k12, vph+h2*k22, vr+h2*k32, r+h2*kvr2)

!Fourth Group:
kvt4 = vt + h*k13
kvr4 = vr + h*k23
kvph4 = vph + h*k33
!———————————
k14 = geot(M, a, vt+h*k13, vph+h*k23, vr+h*k33, r+h2*kvr3)
k24 = geor(M, a, vt+h*k13, vph+h*k23, vr+h*k33, r+h2*kvr3)
k34 = geoph(M, a, vt+h*k13, vph+h*k23, vr+h*k33, r+h2*kvr3)

!———————————-
time = time + h

65



t = t + h6*(kvt1 + 2.0D0*(kvt2 + kvt3) + kvt4)
r = r + h6*(kvr1 + 2.0D0*(kvr2 + kvr3) + kvr4)
ph= ph + h6*(kvph1 + 2.0D0*(kvph2 + kvph3) + kvph4)

vt = vt + h6*(k11 + 2.0D0*(k12 + k13) + k14)
vr = vr + h6*(k21 + 2.0D0*(k22 + k23) + k24)
vph = vph + h6*(k31 + 2.0D0*(k32 + k33) + k34)

end subroutine RK
!———————————–
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