
Kbantomhqanik  II, SEMFE

LÔseic TrÐthc Seir�c Ask sewn

'Askhsh 3.

a)

α̂ =
√

mω

2~
x +

ip√
2m~ω

=
√

mω

2~
x +

√
~

2mω

d
dx

α̂† =
√

mω

2~
x− ip√

2m~ω
=
√

mω

2~
x−

√
~

2mω

d
dx

2
√

mω

2~
x = α̂ + α̂† ⇒ x =

√
~

2mω
(α̂ + α̂†)

2

√
~

2mω

d
dx

= α̂− α̂† ⇒ d
dx

=
√

mω

2~
(α̂− α̂†)

xΨn =

√
~

2mω
(α̂Ψn + α̂†Ψn) =

√
~

2mω
(
√

nΨn−1 +
√

n + 1Ψn+1)

dΨn

dx
=
√

mω

2~
(α̂Ψn − α̂†Ψn) =

√
mω

2~
(
√

nΨn−1 −
√

n + 1Ψn+1) �

b)

〈n|x2|n〉 =
∫ ∞

−∞
Ψnx2Ψndx =

∫ ∞

−∞
(xΨn)(xΨn)dx

xΨn =
1√
2α

(
√

nΨn−1 +
√

n + 1Ψn+1)

α =
mω

~

x2Ψn =
1√
2α

(
√

nxΨn−1 +
√

n + 1xΨn+1) =

=
1
2α

(
√

n
√

n− 1Ψn−2 +
√

n
√

nΨn +
√

n + 1
√

n + 1Ψn +
√

n + 1
√

n + 2Ψn+2)

⇒ 〈n|x2|n〉 =
1
2α
〈n|n〉(n + (n + 1)) =

2n + 1
2α

pΨn = (−i~)
√

α

2
(
√

nΨn−1 −
√

n + 1Ψn+1)

p2Ψn = (−i~)2
√

α

2

(√
n

dΨn−1

dx
−
√

n + 1
dΨn+1

dx

)
=

= (−~2)
α

2
(
√

n
√

n− 1Ψn−2 −
√

n
√

nΨn −
√

n + 1
√

n + 1Ψn +
√

n + 1
√

n + 2Ψn+2)

⇒ 〈n|p2|n〉 = (−~2)
α

2
〈n|n〉(−n− (n + 1)) = ~2 2n + 1

2
α

⇒ 1
2
mω2〈x2〉 =

〈P 2〉
2m

⇒ <Dunamik c Enèrgeiac> = <Kinhtik c Enèrgeiac>
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〈x〉 = 〈n|x|n〉 = 0, 〈p〉 = 〈n|p|n〉 = 0

(∆x)2(∆p)2 =
2n + 1

2α
(~2)

2n + 1
2

α =
(2n + 1)2

4
~2

(∆x)(∆p) =
2n + 1

2
~ �

g)

x|m〉 =
1√
2α

(
√

m|m− 1〉+
√

m + 1|m + 1〉)

xnm = 〈n|x|m〉 =
1√
2α

√
m〈n|m− 1〉+

1√
2α

√
m + 1〈n|m + 1〉

xnm =



√
n + 1√
2α

δn,n+1 , n = m− 1 ⇒ m = n + 1

√
n√
2α

δn,n−1 , n = m + 1 ⇒ m = n− 1

(x) =
1√
2α
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√
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√
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√

4 0
√
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p|m〉 = −i~
√

α

2
(
√

m|m− 1〉 −
√

m + 1|m + 1〉)

pnm = 〈n|p|m〉 = −i~
√

α

2
(
√

m〈n|m− 1〉 −
√

m + 1〈n|m + 1〉)

pnm =


−i~

√
α

2
√

n + 1 ,m = n + 1

i~
√

α

2
√

n , m = n− 1

N |m〉 = α̂†α̂|m〉 =
√

mâ†|m− 1〉 = m|m〉
Nnm = 〈n|N |m〉 = m〈n|m〉 = nδn,m

(N) =



0 0 0 0 0 · · ·
0 1 0 0 0 · · ·
0 0 2 0 0 · · ·
0 0 0 3 0 · · ·
0 0 0 0 4 · · ·
...

...
...

...
...

. . .
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'Askhsh 4.

a) 'Estw Â = αn(α†)n

E�n o telest c Â dr�sei se mia idiosun�rthsh tou N , èstw thn Ψk, tìte ja thn epanafèrei
ston eautì thc afoÔ h sunolik  metatìpish pou prokaleÐtai sthn idiotim  k ja eÐnai mhdèn.
H dr�sh tou telest  dhmiourgÐac α† ja antistajmÐzetai apì is�rijmec dr�seic tou telest 
α.

N̂Ψk = kΨk, ÂΨk = f(k)Ψk

H prohgoÔmenh sqèsh isqÔei gia k�je Ψk.
'Ara h dr�sh tou Â ja eÐnai isodÔnamh me thn dr�sh tou telest  f(N̂) ep�nw stic Ψk

⇒ Â ≡ f(N̂)

b) PaÐrnoume tuqoÔsa idiosun�rthsh twn α, α† kai N̂ , thn Ψk.
'Eqoume:

α†Ψk =
√

k + 1Ψk+1, αΨk =
√

kΨk−1

αn(α†)nΨk = αn(α†)n−1Ψk+1

√
k + 1 =

= αn(α†)n−2
√

k + 1
√

k + 2Ψk+2 =
...

= αn
√

(k + 1)(k + 2) · · · (k + n)Ψk+n =

=
√

(k + 1)(k + 2) · · · (k + n)αn−1
√

k + nΨk+n−1 =
...

=
√

(k + 1)(k + 2) · · · (k + n)
√

(k + n)(k + n− 1) · · · (k + 1)Ψk =

⇒ (αn)(α†)nΨk = (k + 1)(k + 2) · · · (k + n)Ψk

gia k�je kumatosun�rthsh Ψk tou armonikoÔ talantwt 

⇒ αn(α†)n = (N̂ + 1)(N̂ + 2) · · · (N̂ + n)

(α†)nαnΨk = (α†)n
√

k
√

k − 1 · · ·
√

k − (n− 1)Ψk−n =

=
√

k(k − 1) · · · (k − (n− 1))
√

(k − n + 1)(k − n + 2) · · · (k)Ψk−n+n

= k(k − 1) · · · (k − (n− 1))Ψk

⇒ (α†)nαn = N̂(N̂ − 1) · · · (N̂ − (n− 1))
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Sq ma 1: H grafik  par�stash tou dunamikoÔ gia to prìblhma 5

'Askhsh 5.

a) LÔseic Arnhtik c Enèrgeiac:

E = − |E| < 0
Perioq  A:, 0 6 x < L

− ~2

2m

d2Ψ
dx2

= EΨ, γ2 = 2m
|E|
~2

d2Ψ
dx2

= −2m
E

~2
Ψ = γ2Ψ ⇒ Ψ(x) = e±γx

ΨA(0) = 0 ⇒ ΨA(x) = A sinh(γx)

Perioq  B:, L < x 6 2L

ΨB(2L) = 0,⇒ ΨB(x) = B sinh(γ(x− 2L))

H sunèqeia thc sun�rthshc mac dÐnei

ΨA(L) = ΨB(L) ⇒ A sinh(γL) = B sinh(−γL) = −B sinh(γL)
⇒ A = −B

H Ψ(x) ikanopoieÐ thn exÐswsh tou Schrödinger , �ra

− ~2

2m
Ψ′′ − gδ(x− L)Ψ = EΨ

Oloklhr¸noume gÔrw apì to shmeÐo thc asunèqeiac

− ~2

2m

∫ L+ε

L−ε
Ψ′′(x)dx− g

∫ L+ε

L−ε
Ψ(x)δ(x− L)dx = E

∫ L+ε

L−ε
Ψ(x)dx

To dexÐ mèloc teÐnei sto mhdèn gia ε → 0, �ra

− ~2

2m

(
dΨ
dx

∣∣∣∣
x=L+ε

− dΨ
dx

∣∣∣∣
x=L−ε

)
= gΨ(L)

PaÐrnontac to ìrio ε → 0 apì arister� èqoume

− ~2

2m

[
dΨB

dx
(L)− dΨA

dx
(L)
]

= gΨA(L)

γB cosh(γL)− γA cosh(γL) = −2mg

~2
A sinh(γL)
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Sq ma 2: H grafik  par�stash twn duo sunart sewn kai h grafik  lÔsh

OrÐzoume λ =
2mg

~2
kai paÐrnoume thn exÐswsh

2γ cosh(γL) = λ sinh(γL) ⇒ tanh(γL) = 2
γ

λ

K�nontac grafik  par�stash thc uperbolik c efaptomènhc tanh(γL) sunart sei tou γ,

h tom  me thn eujeÐa
2
λ

γ dÐnei thn enèrgeia.

'Eqoume mia mh mhdenik  lÔsh ìtan h klÐsh thc eujeÐac eÐnai mikrìterh apì thn klÐsh thc
uperbolik c efaptomènhc sthn arq . Dhlad :

d
dγ

tanh(γL)
∣∣∣∣
γ=0

= L

kai prèpei na èqoume
2
λ

< L

⇒ λL > 2

E�n λL = 2 èqoume mia lÔsh me mhdenik  enèrgeia (γ0 = 0).
H exÐswsh tou Schrödinger gÐnetai gia E=0 :

− ~2

2m

d2Ψ
dx2

− gδ(x− L)Ψ = 0

gia x 6= L èqoume

d2Ψ
dx2

= 0 ⇒
{

ΨA(x) = Ax
ΨB(x) = B(2L− x)

ΨA(L) = ΨB(L) ⇒ AL = BL ⇒ A = B

Olokl rwsh thc exÐswshc tou Schrödinger

− ~2

2m

(
dΨB

dx
(L)− dΨA

dx
(L)
)

= gΨA(L)

− ~2

2m
(−2A) = gAL ⇒ 2A =

2mg

~2
LA

⇒ 2 = λL pou ikanopoieÐtai.
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b) LÔseic Jetik c Enèrgeiac

x 6= L ⇒ − ~2

2m

d2Ψ
dx2

= EΨ

d2Ψ
dx2

= −2mE

~2
Ψ, k2 =

2mE

~2

Ψ(x) =
{

ΨA(x) = A sin(kx) , 0 6 x < L
ΨB(x) = B sin(k(x− 2L)) , L < x 6 2L

Sunèqeia thc sun�rthshc gia x = L, dÐnei

A sin(kL) = B sin(−kL)

E�n sin(kL) 6= 0 ⇒ A = −B
Oloklhr¸nontac thn exÐswsh tou Schrödinger èqoume

− ~2

2m

(
dΨB

dx
(L)− dΨA

dx
(L)
)

= gΨA(L)

2k cos(kL) =
2mg

~2
sin(kL) = λ sin(kL)

⇒ tan(kL) =
2
λ

k

H lÔsh eÐnai p�li grafik  apì thn tom  thc efaptomènhc tan(kL) me thn eujeÐa
2
λ

k.

Gia sin(kL) = 0 ⇒ kL = nπ ⇒ k =
2π

2L
n

me enèrgeia E =
~2

2m
k2 =

π2~2

2mL2
n2, n = 1, 2, . . .

Oloklhr¸nontac thn exÐswsh tou Schrödinger brÐskoume A = B. �

'Askhsh 6.

− ~2

2m
Ψ′′ − g

x
Ψ = EΨ, E < 0

~2

2m
Ψ′′ +

(
E +

g

x

)
Ψ = 0, E = − |E|

Diastatik  an�lush:
To g èqei diast�seic Joules·Length ,

~2

m
=

Joule2 · sec2

kgr
=

Joule · sec2

kgr
kgr

(
Length

sec

)2

~2

m
= Joule · (Length)2, α =

m

~2
g =

Joule · Length
Joule · (Length)2

=
1

Length
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OrÐzoume:

α =
mg

~2
⇒ h metablht  ξ = αx eÐnai adi�stath.

H exÐswsh tou Schrödinger gÐnetai:

Ψ′′ +
(

2
mE

~2
+

mg

~2

2
x

)
Ψ = 0

dΨ
dx

=
dΨ
dξ

dξ

dx
= α

dΨ
dξ

,
d
dx

(
dΨ
dx

)
= α

d
dξ

(
dΨ
dx

)
= α2 d2Ψ

dξ2

⇒ α2 d2Ψ
dξ2

+

(
2
mE

~2
+

2α
ξ
α

)
Ψ = 0

⇒ d2Ψ
dξ2

+
(

2
mE

~2α2
+

2
ξ

)
Ψ = 0

γ2 =
2~2 |E|
mg2

=
2m |E|
~2α2

m|E|
~2

1
α2 = m|E|

~2
h4

m2g2 = ~2|E|
mg2 = adi�stato.

'Ara h exÐswsh tou Schrödinger stic nèec metablhtèc eÐnai

d2Ψ
dξ2

+
(
−γ2 +

2
ξ

)
Ψ = 0

PaÐrnoume pr¸ta thn asumptwtik  exÐswsh gia ξ →∞

⇒ Ψ′′ − γ2Ψ = 0 ⇒ Ψ′′ = γ2Ψ ⇒ Ψ(ξ) = e−γξ

Gia k�je ξ èqoume thn lÔsh

Ψ(ξ) = e−γξF (ξ)
dΨ
dξ

= −γe−γξF (ξ) + e−γξ dF

dξ

d2Ψ
dξ2

= γ2e−γξF (ξ)− γe−γξ dF

dξ
− γe−γξ dF

dξ
+ e−γξ d2F

dξ2

d2Ψ
dξ2

=
(

γ2F − 2γ
dF

dξ
+

d2F

dξ2

)
e−γξ

H exÐswsh tou Schrödinger xan�:

(
γ2F − 2γF ′ + F ′′)− γ2F +

2F

ξ
= 0

F ′′ − 2γF ′ +
2
ξ
F = 0
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LÔsh me seir�:

F (ξ) = ξ

∞∑
k=0

αkξ
k

⇒ F (ξ) =
∞∑

k=1

βkξ
k

ìpou xekin�me me ton grammikì ìro diìti jèloume F (ξ = 0) = 0. 'Etsi

F ′ =
∞∑

k=1

kβkξ
k−1,

F

ξ
=

∞∑
k=1

βkξ
k−1

F ′′ =
∞∑

k=1

k(k − 1)βkξ
k−2

AntikajistoÔme kai èqoume:

∞∑
k=1

k(k − 1)βkξ
k−2 − 2γ

∞∑
k=1

kβkξ
k−1 + 2

∞∑
k=1

βkξ
k−1 = 0

Anadiat�soume tic seirèc gia na èqoume Ðdiec dun�meic

∞∑
l=0

(l + 2)(l + 1)βl+2ξ
l − 2γ

∞∑
l=0

(l + 1)βl+1ξ
l + 2

∞∑
l=0

βl+1ξ
l = 0

ìpou gia thn pr¸th seir� èqoume k�nei ton metasqhmatismì k = l + 2, l = 0 � k = 2, gia thn
deÔterh seir� k = l + 1, l = 0 � k = 1 kai gia thn trÐth k = l + 1, l = 0 � k = 1.
Krat�me touc omob�jmiouc ìrouc:

(l + 2)(l + 1)βl+2 − 2γ(l + 1)βl+1 + 2βl+1 = 0

βl+2 =
2γ(l + 1)− 2
(l + 2)(l + 1)

βl+1, (l = 0, 1, 2, . . .)

OrÐzontac k = l + 1 èqoume

βk+1 = 2
γk − 1

(k + 1)k
βk, (k = 1, 2, . . .)

H seir� termatÐzetai e�n γ =
1
n
, n =akèraioc

kai gia k�je n h lÔsh eÐnai polu¸numo bajmoÔ n.
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Enèrgeiec:

1
n2

=
2~2 |E|
mg2

⇒ En = −mg2

2~2

1
n2

, n = 1, 2, . . .

'Askhsh 8.

Pr¸ton, anaptÔssoume se dun�meic tou x2:

V (x) =
(

1 + λx2 +
λ2x4

2
+

λ3x6

3!
+ · · ·

)
V0

DeÔteron, krat¸ntac mìno touc dÔo pr¸touc ìrouc lÔnoume thn exÐswsh tou Schrödinger gia
ton aplì armonikì talantwt :

− ~2

2m

d2Ψ
dx2

+ V0λx2Ψ = (En − V0)Ψ

V0λ =
1
2
mω2 ⇒ ω2 =

2V0λ

m

ω =

√
2V0

m

√
λ

Oi lÔseic eÐnai:

E(0)
n − V0 = ~ω

(
n +

1
2

)
E(0)

n = V0 + ~ω

(
n +

1
2

)

kai idiosunart seic Ψn autèc tou armonikoÔ talantwt .

TrÐton, antimetwpÐzoume ton ìro V (x) = λ2

2 x4V0 san diataraq  kai upologÐzoume tic diorj¸seic
sthn enèrgeia En.
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Efarmìzoume loipìn pr¸thc t�xhc jewrÐa diataraq¸n:

Wn = 〈Ψn|V (x)|Ψn〉 = Vnn

Vnn = 〈Ψn|V0
λ2

2
x4|Ψn〉 =

V0

2
λ2〈Ψn|x4|Ψn〉

〈Ψn|x4|Ψn〉 =
∫ ∞

−∞
Ψnx4Ψndx =

∫ ∞

−∞
(x2Ψn)(x2Ψn)dx

x2|n〉 =
~

2mω

(√
n(n− 1)Ψn−2 + (2n + 1)Ψn +

√
(n + 1)(n + 2)Ψn+2

)
〈n|x4|n〉 =

~2

4m2ω2
(n(n− 1) + (2n + 1) + (n + 1)(n + 2))

〈n|x4|n〉 =
~2

4m2ω2

(
2(n2 + 2n + 2)

)
Wn = Vnn =

V0

2
λ2 ~2

4m2ω2
2(n2 + 2n + 2)

Vnn =
λ~2

8m
(n2 + 2n + 2)

En = E(0)
n + Vnn = V0 +

√
2V0

(
n +

1
2

)√
λ

m
~ +

1
8
(n2 + 2n + 2)

(√
λ

m
~

)2

Gia mikrì n h diìrjwsh p�ei me tic dun�meic tou ~
√

λ
m <

√
V0 ìpwc upojètoume. Gia meg�la n

p�ei me to n2 kai gÐnetai anaxiìpisth h prosèggish. �

'Askhsh 9.

a)

c = 0 :
Ψn(x, y) = Ψn1(x)Ψn2(y)
En = En1 + En2

− ~2

2m

∂2Ψni

∂x2
+

mω2

2
x2Ψni = EniΨni , i = 1, 2

En1 = ~ω

(
n1 +

1
2

)
En2 = ~ω

(
n2 +

1
2

)
En = ~ω(n1 + n2 + 1) = ~ω(n + 1)
n = n1 + n2, n1 = 0, 1, 2, . . . , n2 = 0, 1, 2, . . .

⇒ n = 0, 1, 2, . . .
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Gia thn enèrgeia E0 = ~ω èqoume mìno mia idiosun�rthsh, thn Ψ0(x, y) = Ψ0(x)Ψ0(y).
Gia thn enèrgeia E1 = 2~ω èqoume duo idiosunart seic, tic{

Ψ10(x, y) = Ψ1(x)Ψ0(y) = Φ1

Ψ01(x, y) = Ψ0(x)Ψ1(y) = Φ2

dhlad  èqoume ekfulismì.

Gia orismèno n me enèrgeia E
(0)
n = ~ω(n + 1) to n1 mporeÐ na p�rei tic timèc n1 =

0, 1, 2, . . . , n kai to n2 = n, n− 1, n− 2, . . . , 0 antÐstoiqa, dhlad  èqoume n + 1
diaforetikèc katast�seic me thn Ðdia enèrgeia. �

b) Idiotimèc thc enèrgeiac gia c 6= 0

V11 = 〈Φ1|V |Φ1〉 =
∫

Ψ∗
1(x)Ψ∗

0(y)cxyΨ1(x)Ψ2(y)dxdy =

c

∫ +∞

−∞
Ψ∗

1(x)xΨ1(x)dx

∫ +∞

−∞
Ψ∗

1(y)yΨ0(y)dy

V11 = 0, V22 = 0

V12 = 〈Φ1|V |Φ2〉 = c

∫
Ψ∗

1(x)Ψ∗
0(y)xyΨ0(x)Ψ1(y)dxdy =

= c

(∫ ∞

−∞
Ψ1xΨ0dx

)2

= c

(∫ ∞

−∞
Ψ1(x)

√
~

2mω
Ψ1(x)dx

)2

=

= c
~

2mω
= V21

xΨ0(x) =

√
~

2mω
Ψ1

⇒ det
(

2~ω − E1
c~

2mω
c~

2mω 2~ω − E1

)
= 0

(2~ω − E1)2 −
c2~2

4m2ω2
= 0 ⇒

(
2~ω − E1 −

c~
2mω

)(
2~ω − E1 +

c~
2mω

)
= 0

⇒

{
E

(+)
1 = 2~ω + c~

2mω

E
(−)
1 = 2~ω − c~

2mω

Φ(+) = c
(+)
1 Φ1 + c

(+)
2 Φ2, E

(+)
1 = E

(0)
1 + W

Φ(−) = c
(−)
1 Φ1 + c

(−)
2 Φ2, E

(−)
1 = E

(0)
1 −W
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E
(0)
1 = 2~ω kai W = c~

2mω(
0 c~

2mω
c~

2mω 0

)(
c
(+)
1

c
(+)
2

)
= W

(
c
(+)
1

c
(+)
2

)

⇒ c~
2mω

c
(+)
2 =

c~
2mω

c
(+)
1 ⇒ c

(+)
1 = c

(+)
2

(
0 c~

2mω
c~

2mω 0

)(
c
(−)
1

c
(−)
2

)
= −W

(
c
(−)
1

c
(−)
2

)
⇒ c

(−)
1 = −c

(−)
2

Kai me kanonikopoÐhsh |c1| = |c2| = 1√
2
, ètsi

⇒

{ Φ(+) = 1√
2
(Φ1 + Φ2) Summetrik  LÔsh

Φ(−) = 1√
2
(Φ1 − Φ2) Antisummetrik  LÔsh

�

g)

xy = (v + z)(v − z) = v2 − z2

x2 + y2 = v2 + z2 + 2vz + v2 + z2 − 2vz = 2v2 + 2z2

1
2
mω2(x2 + y2) + cxy = mω2v2 + mω2z2 + cv2 − cz2 =

= (mω2 + c)v2 + (mω2 − c)z2

v =
1
2
(x + y), z =

1
2
(x− y)

∂Ψ
∂x

=
∂Ψ
∂v

∂v

∂x
+

∂Ψ
∂z

∂z

∂x
=

1
2

∂Ψ
∂v

+
1
2

∂Ψ
∂z

∂2Ψ
∂x2

=
1
2

∂

∂x

(
∂Ψ
∂v

)
+

1
2

∂

∂x

(
∂Ψ
∂z

)
=

=
1
2

∂2Ψ
∂v2

∂v

∂x
+

1
2

∂2Ψ
∂z∂v

∂z

∂x
+

1
2

∂2Ψ
∂v∂z

∂v

∂x
+

1
2

∂2Ψ
∂z2

∂z

∂x
=

=
1
4

∂2Ψ
∂v2

+
1
4

∂2Ψ
∂z∂v

+
1
4

∂2Ψ
∂v∂z

+
1
4

∂2Ψ
∂z2

∂Ψ
∂y

=
1
2

∂Ψ
∂v

− 1
2

∂Ψ
∂z

∂2Ψ
∂y2

=
1
2

∂2Ψ
∂v2

∂v

∂y
+

1
2

∂2Ψ
∂z∂v

∂z

∂y
− 1

2
∂2Ψ
∂v∂z

∂v

∂y
− 1

2
∂2Ψ
∂z2

∂z

∂y
=

=
1
4

∂2Ψ
∂v2

− 1
4

∂2Ψ
∂z∂v

− 1
4

∂2Ψ
∂v∂z

+
1
4

∂2Ψ
∂z2
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⇒ ∂2Ψ
∂x2

+
∂2Ψ
∂y2

=
1
2

∂2Ψ
∂v2

+
1
2

∂2Ψ
∂z2

H exÐswsh tou Schrödinger stic nèec metablhtèc eÐnai

H = − ~2

4m

(
∂2

∂v2
+

∂2

∂z2

)
+ (mω2 + c)v2 + (mω2 − c)z2

ìpou mω2 − c > 0.
XanaorÐzontac tic metablhtèc

v →
√

2v = w, z →
√

2z = u

h Qamiltonian  gÐnetai

H = − ~2

2m

(
∂2

∂w2
+

∂2

∂u2

)
+

1
2
(mω2 + c)w2 +

1
2
(mω2 − c)u2

me idiotimèc thc enèrgeiac:{
En1 = ~ω1

(
n1 + 1

2

)
En2 = ~ω2

(
n2 + 1

2

)
ìpou

mω2
1 = mω2 + c ⇒ ω1 =

√
ω2 +

c

m

mω2
2 = mω2 − c ⇒ ω2 =

√
ω2 − c

m

Telik� oi kumatosunart seic eÐnai:

Ψn1,n2(x, y) = Ψn1(w)Ψn2(u)

Ψn1(w) =
(α1

π

) 1
4

(
2−n1

n1!

) 1
2

e−α1
w2

2 Hn1 (
√

α1w)

α1 =
mω1

~

Ψn2(u) =
(α2

π

) 1
4

(
2−n2

n2!

)
e−α2

u2

2 Hn2 (
√

α2u)

α2 =
mω2

~

me olik  enèrgeia En1,n2 = En1 + En2 �
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'Askhsh 10.

Pr¸ton Upojètw ìti lÔnw thn adiat�rakth Qamiltonian  H0 kai èqw ta E0 kai Ψ(0)
1 ,Ψ(0)

2 .

DeÔteron diagwnopoi¸ ton pÐnaka Vkλ thc diataraq c kai brÐskw tic duo idiotimèc thc enèrgeiac

E1 = E0 + E(1), E2 = E0 + E(2)

TrÐton brÐskw gia k�je idiotim  E1, E2 ta idiodianÔsmata Ψk me k = 1, 2

(H0 + V )Ψk = EkΨk

H0Ψ
(0)
k = E0Ψ

(0)
k

Ψ1 = c11Ψ
(0)
1 + c12Ψ

(0)
2

Ψ2 = c21Ψ
(0)
1 + c22Ψ

(0)
2

Tètarton lÔnw wc proc Ψ(0)
1

Ψ(0)
1 =

c22Ψ1 − c12Ψ2

c11c22 − c12c21

Ψ(t = 0) = Ψ(0)
1 , Ψ(t) =

c22Ψ1e
−i

E1t
~ − c12Ψ2e

−i
E2t

~

c11c22 − c12c21

⇒ Ψ(t) =
e−i

E0t
~

c11c22 − c12c21

(
c22Ψ1e

−i E(1)t
~ − c12Ψ2e

−i E(2)t
~

)

antikajist¸ntac ìpou Ψ1, Ψ2 tic ekfr�seic touc wc proc Ψ(0)
1 , Ψ(0)

2 èqoume

Ψ(t) =
e−i

E0t
~

c11c22 − c12c21

[
Ψ(0)

1

(
c11c22e

−i E(1)t
~ − c12c21e

−i E(2)t
~

)
+ Ψ(0)

2 c12c22

(
e−i E(1)t

~ − e−i E(2)t
~

)]

EpibebaÐwsh:

t = 0 ⇒ Ψ(t = 0) =
1

det |c|
Ψ(0)

1 det |c| = Ψ(0)
1

Pijanìthta met�bashc sthn Ψ(0)
2 se qrìno (t) =

∣∣∣〈Ψ(0)
2 |Ψ(t)〉

∣∣∣2 =

=
(c12c22)∗(c12c22)
|c11c22 − c12c21|2

(
ei E(1)t

~ − ei E(2)t
~

)(
e−i E(1)t

~ − e−i E(2)t
~

)
=

=
|c12|2 |c22|2

|c11c22 − c12c21|2

(
2− 2 cos

(
E(1) − E(2)

~
t

))
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'Askhsh 11.

To dunamikì pou prostÐjetai sto sÔsthma eÐnai thc morf c V (x, t) = −qE (t)x
'Ara to pl�toc pijanìthtac αn→m se pr¸thc t�xhc diataraktik  prosèggish eÐnai:

αm(t) = αn→m(t) = − i

~

∫ t

−∞
Vmn(t′)eiWmnt′dt′

Wmn =
1
~
(E(0)

m − E(0)
n ) =

1
~

~ω

(
m +

1
2
− n− 1

2

)
Wmn = ω(m− n)

Vmn(t) = −qE (t)〈m|x|n〉 = −qe−λt2〈m|x|n〉

gia ton armonikì talantwt  èqoume:

xΨn =

√
~

2mω
(
√

nΨn−1 +
√

n + 1Ψn+1)

�ra

m =
{

n− 1
n + 1

⇒ 〈m|x|n〉 =


√

n
√

~
2mω ,m = n− 1

√
n + 1

√
~

2mω ,m = n + 1

E�n p�roume t →∞ èqoume:

αn→n+1 =
iq

~

√
~

2mω

√
n + 1

∫ ∞

−∞
e−λt2eiωtdt

αn→n−1 =
iq

~

√
~

2mω

√
n

∫ ∞

−∞
e−λt2e−iωtdt∫ ∞

−∞
e−λt2eiωtdt =

√
π

λ
e−

ω2

4λ

kai Pl�toc met�bashc= |αm|2 �
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'Askhsh 12.

Olik  dunamik  enèrgeia tou talantwt 

V (x) =
1
2
mω2x2 − Fx

V (x) =
1
2
mω2(x− x0)2 + V0

x0 =
F

mω2
, V0 =

1
2

F 2

mω2

orÐzoume y = x− x0

�ra oi kumatosunart seic tou diataragmènou sust matoc eÐnai

Ψk(y) = Ψk(x− x0)

me Ψk tic lÔseic tou talantwt , Ψk(x) = ckHk(
√

ax)e−
ax2

2 , a = mω
~ .

'Ara to pl�toc met�bashc eÐnai:

α0→k =
∫ ∞

−∞
Ψ0(x)Ψk(x− x0)dx

k�noume mia allag  metablht c

y = x− x0, dy = dx, x = y + x0

α0→k =
∫ ∞

−∞
Ψ0(y + x0)Ψk(y)dy =

= c0ck

∫ ∞

−∞
e−a

(y+x0)2

2 e−a y2

2 Hk(
√

ay)dy =

= c0cke
−a

x2
0
2

∫ ∞

−∞
e−ax0ye−ay2

Hk(
√

ay)dy =

=
c0ck√

a
e−a

x2
0
2

∫ ∞

−∞
e−

√
ax0ξe−ξ2

Hk(ξ)dξ =

=
c0ck√

a
e−a

x2
0
2

∫ ∞

−∞
(−1)ke−

√
ax0ξ dk

dξk
e−ξ2

dξ

ξ =
√

ay, ξ0 =
√

ax0, Hk(ξ) = (−1)keξ2 dk

dξk
e−ξ2

α0→k = (−1)k c0ck√
a

e−
ξ20
2

∫ ∞

−∞
e−ξ0ξ dk

dξk
e−ξ2

dξ

To olokl rwma epilÔetai k�nontac olokl rwsh kat� mèrh k forèc.

c0 =
(a

π

) 1
4
, ck =

(a

π

) 1
4 1√

2kk!
⇒ c0ck√

a
=

1√
π2kk!
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