
Introduction
General Theory of Relativity

The Initial Value Formulation
Summary

Initial Value Formulation

of General Relativity

S. Ch. Papadoudis

Department of Physics

School of Applied Mathematics and Physical Sciences

National Technical University of Athens

Thesis Persentation, 2010

Stratos Ch. Papadoudis Initial Value Formulation of General Relativity



Introduction
General Theory of Relativity

The Initial Value Formulation
Summary

Outline

1 General Theory of Relativity
Principles of Einstein's Theory
Einstein's Theory of Gravity

2 The Initial Value Formulation
Preliminaries
Deploying the Problem
Initial Values and Cauchy Development
Development Equations (in vacuum, Rab = 0)

Stratos Ch. Papadoudis Initial Value Formulation of General Relativity



Introduction
General Theory of Relativity

The Initial Value Formulation
Summary

The Problem,
in classical �eld theory.

How to reformulate Einstein's physical equation for gravity in an
causal frame with well posed Cauchy problem for to be designated
type of initial value information.

initial value information for second order hyperbolic systems:

initial value of �elds

initial value of �rst time order of �elds

initial value constraints

Extension of the hyperbolic problem includes timelike initial value
hypersurfaces serving as boundaries to the solution, promting to a:

�Initial Value - Boundary Condition Problem�
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Principles of Einstein's Theory
General Relativity

Special Covariance,
spawing Special Relativity.

Physics does not change under isometries of spacetime.

sense of inertial observer:

Electromagnetism is special covariant!

inertial observer: shielded from electromagnetic �elds.
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Principles of Einstein's Theory
General Relativity

General Covariance,
spawing General Relativity.

The theme here is that inertial observers cannot be designated with
respect to gravity.
Einstein proposed designating all observers inertial:

Gravitational �eld vanishes in this perspective.

Phenomenons linked to gravity are now put to the framework
of curved spacetime.

Emergent general covariance, going by the name:

�Equivalence Principle�
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Spacetime
intrinsic properties

Internal Structure

metric 〈_|_〉: gab

Levi-Civita connection ∇:
Γc

ab = (1/2)gcd(∂a gbd +∂b gda−∂d gab)

Riemann curvature tensor:
Ra

bcd = ∂d Γa
cb−∂c Γa

db +Γa
deΓe

cb−Γa
ceΓe

db

Ricci tensor: Rab = gc
eRe

acb

curvature scalar: R = gabRab

Einstein tensor: Gab = Rab− (1/2)Rgab
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Spacetime
physical properties

stress-energy-momentum tensor Tab

Decomposed in energy E, momentum vector p and stress tensor:
Tabυaυb = E Tabυaxb = px Tabυayb = py Tabυazb = px

Tabxaxb = σxx Tabxayb = σxy Tabxazb = σxz

Tabyayb = σyy Tabyazb = σyz

Tabzazb = σzz


for an orthonormal local coordinate system with
timelike basis vector υa and spacelike basis vectors xa, ya and za

is symmetric

satis�es the energy condition: Tabυaυb ≥ 0
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Einstein's Field Equation
in mass units (c = G = 1)

Einstein's Equation

Gab = 8πTab

The metric is implicit in Tab as well as Gab!

leading Einstein's equation to comprise a coupled, non-linear,
second order PDE system for the metric components.

Bianchi Identity

∇
aGab = 0

Equation of Motion

∇
aTab = 0
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Motives
for an Initial Value Formulation of General Relativity

Einstein's equation is a spacetime equation:

Predictability is implicit.

No experiment can be set prior to having a spacetime solution.
Observations are spacelike instances!

If a spacelike con�guration is set, how is its evolution extracted
from Einstein's equation?

The last question demonstrates the already known and accepted
property that all Physical Theories have:

an �Initial Value Formulation�

which stands for the time evolution nature of all theories.
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Deployment

G
αβ

= R
αβ
− 1

2
Rg

αβ

=
1
2 ∑

σ

∑
ρ

gσρ(∂σ ∂ρ g
αβ

+∂α ∂
β

gσρ −2∂ρ ∂(α g
β )σ )

− 1
2 ∑

σ

∑
ρ

gσρg
αβ ∑

µ

∑
ν

gµν(∂σ ∂ρ gµν −∂ρ ∂µ gνσ )+ . . .
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Theorems

Theorem (Cauchy-Kowalewski)

All second time order PDE systems

∂ 2φi

∂ t2 = Fi

(
t,xµ ;φi;

∂φi

∂ t
,

∂φi

∂xµ
;

∂ 2φi

∂ t∂xµ
,

∂ 2φi

∂xµ∂xν

)
endowed with arbitrary analytic initial values(

φi(0,xµ) = fi(xµ) and
∂φi

∂ t
(0,xµ) = gi(xµ)

)
∈ C ω [RdimM−1|R]

constitute a well posed Cauchy problem with analytic solution.
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Assumptions,

Spacetime is globally hyperbolic:

it admits a monparametric foliation of di�eomorphic Cauchy
hypersurfaces

all of spacetime is either future or past time-depended on
events on a Cauchy hypersurface

a Cauchy hypersurface cuts through spacetime seperating in in
a past and a future connected component

Analytic solutions do not work on causal spacetimes.

globally hyperbolic spacetimes are stably casual

assuming at most di�erential initial conditions and solutions

no generic theorems for it!
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Theorems

Theorem

All linear, diagonal, second order hyperbolic PDE systems on M

gab
∇a∇bφi +∑

j
(Ai j)

a
∇aφ j +∑

j
Bi jφ j +Ci = 0

endowed with arbitrary smooth initial values on Σ, φi and na∇aφi

constitute a well posed Cauchy problem with smooth solution.
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endowed with smooth initial values on Σ

(φi and na
∇aφi) ∈ C ∞[Σ|Rn]

locally su�ciently close to those of a background solution,
constitute a well posed Cauchy problem with smooth solution.
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ADM decomposition,
of spacetime metric gab into a spatial metric hab and more...

∀υa such, that υa∇at = 1:

hab = gab +nanb

N =−υana = (na∇at)−1

Na = habυb

covariant decomposition?

g00 = hi jNiN j−NN

gi0 = Ni/g0 j = N j

gi j = hi j

in adapted coordinates
gtt = hi jNiN j−NN gtx = Nx gty = Ny gtz = Nz

gxt = Nx gxx = hxx gxy = hxy gxz = hxz

gyt = Ny gyx = hyx gyy = hyy gyz = hyz

gzt = Nz gzx = hzx gzy = hzy gzz = hzz
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Einstein's Equation
ADM decomposition

equations a0

Gabnb = 8πTabnb

equations ab

Gab = 8πTab

equation 00

Gabnanb = 8πρ

ρ = Tab nanb

equations i0

h c
a Gcbnb = 8πJa

Ja = h c
a Gcbnb

equations i j

h c
a h d

b Gcd = 8πσab

σab = h c
a h d

b Tcd
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Initial Values,
on Σ0 of the foliation as initial value space.

spatial metric

Initialization on the lines of ADM decomposition.

exterior curvature

Kab := Danb =
1
2
¿nhab

covariant time derivative

1
2
¿thab = NKab +

1
2
¿Nhab
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Initial Values,
Constraints.

constraint 0

Gabnanb =
1
2
((3)R+KK−KabKab) = 8πρ

contraint i

h c
b Gcdnd = Da(Kab−Khab) = 8πJb

4 metric non-development equations allowing 4 degrees of freedom:

relevant to general covariance of solution,

employ coordinated to �x guage.
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Gauge �xing,
for vacuum equations Rab = 0.

gauge freedom (�xed by employing harmonic coordinates)

�xµ = gab∇
a
∇

bxµ = ∑
ν

∂ν gνµ +
1
2 ∑

ν

gνµ
∑
α

∑
β

gαβ
∂ν g

αβ
= 0

Einstein Reduced Equation

Rµν = Fµν +
1
2 ∑

α

∑
β

gαβ
∂α∂β gµν = 0

Compatibility with Einstein's equation, yields a well posed local,

linear, diagonal, second order hyperbolic PDE system for �xµ .
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Development,
for vacuum equations Rab = 0.

The rest 6 equations are
quasi-linear, diagonal, second order hyperbolic
for the purely spatial metric components.

Taking the �at (Minkowski) metric ηab as background solution
local existence and uniqueness (modulo di�eomorphisms)
holds.

Local solutions can be �patched� to form global solutions
(coming up!)
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Maximal Cauchy Development,
solving vacuum equations Rab = 0.

Solve vacuum equations locally on all events on Σ.

thus generating a solved �lm proxima to entire Σ.

Take all such (locally) di�eomorphic solutions on entire Σ.

Compare any pair of classes of di�eomorphic solutions,
with respect to ⊆,

thus partially ordering embedding solutions on entire Σ.

⊆-chains are always up-bound by the union content of each,

thus generating a maximal solution on entire Σ.
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⊆-chains are always up-bound by the union content of each,

thus generating a maximal solution on entire Σ.
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Maximal Cauchy Development,
not enough?

Cauchy development breaks down in the presence of
singularities,

maximal solutions are not necessarily geodesically complete.

For asymptotically �at initialization of the metric,
Cauchy development carries unconditionally asymprotically.
(Christodoulou & O'Murchadha, 1981)
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Summary

Einstein's vacuum theory of gravity has a well posed initial
value formulation.

Einstein's theory of gravity for:

scalar �elds

electromagnetism

perfect �uid
Tab = ρυaυb +P(gab +υaυb)

(only for some state equations P = P(ρ))

some other speci�c Tab...

also has a well posed initial value formulation.

linear �elds of spin > 1 fail to have well posed initial value
formulation.
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Outlook

More Tabs...

Automation

Q: It has an well posed initial value formulation,
why can't I solve my con�guration?

A: Your con�guration has matter so
it doesn't necessarily have a
well posed initial value formulation.

If a theory is prooved not to have a
well posed initial value formulation
(di�erent from simply not knowing),
then that particular theory is hard to be interpreted as physical!
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Appendix
Derivatives.

covariant derivative

∇aT c1...ck
b1...bl

= ∂a T c1...ck
b1...bl

+
k

∑
i=1

Γ
ci

adT c1...ci−1dci+1...ck
b1...bl

−
l

∑
j=1

Γ
d

ab j
T c1...ck

b1...b j−1db j+1...bl

ξ -Lie derivative

¿ξ T a1...ak
b1...bl

= ξ
c
∇cT a1...ak

b1...bl

−
k

∑
i=1

T a1...ai−1cai+1...ak
b1...bl

∇cξ
ai +

l

∑
j=1

T a1...ak
b1...b j−1cb j+1...bl

∇b j
ξ

c
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covariant derivative commutation

∇c∇dT a1...ak
b1...bl

= ∇d∇cT a1...ak
b1...bl

−
k

∑
i=1

Rai
ecdT a1...ai−1eai+1...ak

b1...bl
+

l

∑
j=1

Re
b jcdT a1...ak

b1...b j−1eb j+1...bl

projected tensors

T a1...ak
b1...bl

−→ hai
ci
. . .hai

ci
h di

bi
. . .h di

bi
T a1...ak

b1...bl

projected derivative

Da_≡ h b
a ∇b_
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Appendix For Further Reading

For Further Reading I

Robert M. Wald.
General Relativity.

The University of Chigago Press, �rst edition, 1984.

Stephen W. Hawking and George F. R. Ellis.
The large scale structure of space-time.

Cambridge University Press, 1973.
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