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"Hidden’” Symmetry
Spontaneous Symmetry Breaking

Let's consider the simple system that is described by the Lagrangian density:

L=T-V= %(am)z - <%,u2gz52 + %,\qs“) where A > 0
=V(¢)
L is invariant under ¢ — —¢
The form of the function V(¢) depends on the sign of p?:
u> >0 puo <0

Vv Vv

- —

—Ad——
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Spontaneous Symmetry Breaking ”Hidden” Symmetry

We find the minima of V/(¢) considering the condition:

ov

8—(;570

@ For ,u2 > 0 : Lowest-energy state corresponds to:
6 (12 +20") = 6 =0

@ For x? < 0: The minima of energy do not correspond to ¢ = 0, but to:

12

¢(,ﬁ+A¢4) = ¢=dv, with v=/-5

The perturbative calculations must include expansions around the classical minima:

¢=v or ¢=-—v
Therefore, we write:
o(x) = v +n(x), 7(x) : quantum fluctuations around the min
Equivalently, we could have picked ¢ = —v. Nature has to choose too!
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Spontaneous Symmetry Breaking ”Hidden” Symmetry

We substitute ¢(x) = v + n(x) in the given Lagrangian density. Thus we obtain:

L= %(@m)Q — 2% = — %)\774

The underlined term is the mass term and it has the correct sign (!), while the last term
are the self-interactions. So:

my = V2 v? =/ —2u?
However, there is a snag here: £ and £’ are completely equivalent.

The transformation ¢(x) = v + n(x) cannot change the Physics! If we could solve £, £’
they would give the same physics. But in purturbation theory we only calculate
fluctuations around the minimum energy.

Using £ we will always find that the perturbative series does not converge, because we
try to expand around the unstable ¢ =0

What we should do is to use £’ and expand as to 1 around the stable vacuum ¢ = v.
—> the scalar field has mass!

This way of revealing or generation of mass is called Spontaneous Symmetry Breaking.
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"Hidden” Symmetry
Spontaneous Breaking of Gauge Symmetries

Now, let's study the Lagrangian density:
1 v
£=(Du9) (D"6) + u*6'6 — A(&'9)" — 3 Fu F",
where:

Du¢ (On — igAu)d
Fuo = 0uA, — 0 A,

L is invariant under the local U(1):

o) = F(x) = e Wp(x)
Aux) AL(x):Am—éaua(x)

For u? > 0, the potential V(¢) = —p2¢T¢ + A(¢!$)? has its minimum at:

SV, MZ);
|¢|_\/§a U_()\
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L S
1 H .
If ¢ = %(qbl + i¢2), then:

ZA TN #1\ _ [ cosa(x) sina(x)\ [é1
¢2 ¢h) — \—sina(x) cosa(x)) \ ¢
There exist infinite degenerate vacua and we can choose:

(p1) =v , (P2)=0

We consider small oscillations around the minimum defining ¢7 = ¢1 — v, ¢ = ¢2
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Spontaneous Symmetry Breaking ”Hidden” Symmetry

@ For g — 0:
1 ’ 1 / / / / / A / /.
L= 5(0u81)" + 5(0u62)’ — 1?67 — gi (o1 + ¢5') = L (¢ + ¢

There is no mass term for ¢5. Therefore, ¢5 = ¢, is the massless Goldstone boson

@ For finite g:
IDuo* = (0 — igAu)eI®
1 / /\2 1 ’ /\2 n / U
= E(auﬁbl +gAu¢2) + E(a,udb - gAu¢1) — guA (8;&52 _gAud)l)
2.2
gv
+ 5 A*A,,

where the underlined term is the mass of A.

(The Goldstone boson disappears completely at the Unitary gauge)

All the above can be generalized without problems to non-abelian theories.
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Spontaneous Symmetry Breaking ”Hidden” Symmetry
Unitary Gauge

Observing that, in lower order in the fields ¢7, @5
1 1 o
,:7U+/+I’/§7’U+,el¢2/v
¢ \/i( ¢1 ¢2) \/5( (bl)

We make use of an appropriate gauge transformation:
600 = 900 = ep(-it()/1)o(x) = (0 + ()

Aux) = %m=&w—$mw)

This is a special selection of gauge with &(x) such that n(x) is real. We can thus predict
that the theory is independent of &.
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Spontaneous Symmetry Breaking ”Hidden” Symmetry

Indeed: (Homework)

1 1 1 L1

Ly = E(a;ﬂ?f - §M2772 - ZFM'JFM + E(gU)QAuAH
1 1

o §g2AHA“77(2v +n) — )\vn3 — Z)\n4

L{ is the free Lagrangian for a vector boson of mass M = gv and for a scalar meson of

mass m = ﬁ,u

The Goldstone boson disappeared from £ =

is fake, because it only corresponds to the freedom of gauge selection.

So:

Massless A, (2 degrees of freedom)
+ £ (1 degree of freedom)

1

Massive A, (3 degrees of freedom)

Massless and heavy

spin 1 particles

Heavy spin 1 particles can spinin 3 directions:

«u@g

Massless particles must have their spin-axis
either parallel or anti-parallel to their direction of motion:

T
R

They can only spinin 2 directions.
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Spontaneous Symmetry Breaking ”Hidden” Symmetry

— Before the spontaneous symmetry breaking we had:

@ 2 scalar fields ¢1, ¢2 (2 degrees of freedom)

@ A massless gauge boson A, (2 degrees of freedom)

— Total: 4

— After the spontaneous symmetry breaking we have:

@ 1 scalar field n (1 degree of freedom)

@ A massive gauge field A, (3 polarization states = d.o.f)

— Total: 4

This is the Higgs mechanism. The field £(x) is called a would-be Goldstone boson.
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“Hidden” Symmetry
Non-Abelian Case

SU(2): gauge theory with a complex doublet of scalar fields: ¢ = (:Z;a>
B

£ = (D,0)'(Du) — V(@) — {Fi F™,

7oA
Dus = (au:g72“>¢>

Fo, = 0.A% —9,AY + ge®™ AL AS
V(g) = —1*(6'¢)+\o'¢)°

6 = (%)_\ﬁ(@ﬂ@)
T \¢s) V2 \g3+ida

For g — 0: L is invariant under ¢ — ¢' = e/®a7a/2¢

where:

If we demand ao — aa(x), then we have the complete L.
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L S
For 42 > 0, A > 0, the V(¢) has minimum at ¢'¢p = %(qﬁ% + 3+ B3+ #2) = P /2

— SO(4) =~ SU(2) x SU(2)

We have to expand ¢(x) around a special minimum. We can choose ¢1 = ¢» = ¢4 = 0,
@3 =p/A =17
— Spontaneous symmetry breaking of SU(2) symmetry

, 1 (0
p=¢ +do , ¢°_\ﬁ(v)

= 7= % (v +?7(x)>

2
(Du$) (D) = ...(Homework)... + % (%“) (ALAY 4 A2 A2 4 A3 A3

— Ma = gv/2 — 3 massive vector bosons

For the scalar part:

o' ¢ + dhd + ¢ o + dlo
(0'0)" = ¢ + (8§¢' + ¢'T0)” + ...
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Spontaneous Symmetry Breaking ”Hidden” Symmetry

/
If ¢/ = (25‘) then the quadratic term in ¢’
B

2,
— T((]ﬁg + ¢/BT)2 (Homework)
This means that only the combination
(@5 + 1)
V2

obtains a mass. This is the physical Higgs particle.

The states ot
/
¢/ G (¢)/3 B ¢ﬂ)

V2

remain massless and thus are identified as the would-be Goldstone bosons.
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Spontaneous Symmetry Breaking ”Hidden” Symmetry
Unitary Gauge

7 0
By writing ¢(x) = e/ 700)/v (UM(X)) and by making small perturbations:
V2

o(x) = (i(;ltri?;g/)v/y "(flf,-éf%”) (U +?7(x)) = % (ﬁ ; i0;03)

We see that the 4 fields are indeed independent and completely parametrize the
deviations from the vacuum ¢o.

Then we make a suitable gauge transformation

oy 1/ 0
o) = 0= == (7).
TR o URTFEU ) - L0, UGIlU )

where U(x) = exp(—i%’;), and get rid of the Goldstone bosons.
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Spontaneous Symmetry Breaking ”Hidden” Symmetry

Indeed, from the properties of gauge transformations we have:
Du¢ = U (x)Du¢'
Fo F*"Y  — invariant

Therefore, the Lagrangian density becomes:

£ = (D) (D) + Lo o)~ S )t~ LR,

where the first term yields:

(Do) (D™¢) = ... —|—%(O v) (F-/K’M F-ﬁ’u) (2) (Homework)
2

B [y A2

where we identify the mass of the 3 bosons:

v
Ma = My = My, :%
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