Flat Spacetime Penrose Diagram

scriplus = j'*‘ ; scriminus = — ;

(»failed to enter a scri+ or scri-
image or character The correct character has unicode 2110,
but MAthematica displays it as LaTeX does in math
mode. So I also use the same symbol I, entered as
"\: 2110" -
no space between : and 2110 .... The / is entered as [Esc]sci[Esc]
(*Show[ImageGraphics[scriplus]] %)
gboundary = Graphics[{
Thick, Black, Line[{{rr/2, 0 }, {0 , 7s/2}},
Thick, Black, Line[{{rr/2, 0 }, {6 ,-m/2}}],
Thick, Black, Line[{{6 , rt/2},{0 , -m/2}1,
Thick, Black, Line[{{o , 0 }, {m/2,0 ",
Black,

Black,
Black,
Black,

Black,

1

Frame of the Penrose diagram:

%)

Text[Style["/'", Large], {0 , m/2+0.1}, FormatType » StandardForm],
Text[Style["i™", Large], {0 , -7/2-0.1}, FormatType » StandardForm],
Text[Style["/°", Large], {m/2+0.1, © }, FormatType - StandardForm]|,
Text[Style["IT'", Large]l, {r/4+0.2, m/4+0.2}, FormatType » StandardForm],

Text[Style["I™", Large], {;r/4+0.2, -7t/4-0.2}, FormatType » StandardForm]

Timelike curves: close to the speed of light: travelling close to null infinities, eventually hitting future

timelike infinity.
Moving outwards on constant radial speed worldlines




In[+ ]:=

r [t_]
tp[t_] 0.5 (ArcTan[t + r[t]] + ArcTan[t - r[t]]);
rp[t_] 0.5 (ArcTan[t + r[t]] - ArcTan[t - r[t]]);
gplot = ParametricPlot|
{
{rp[t], tp[t]}/. v-> 0.99999,
{rp[t], tp[t]}/. v-> 0.999,
{rp[t], tp[t]}/. v-> 0.99
}, {t, 0, 2000000}, PlotRange » All];
Show[gboundary, gplot]

vt;







a4

Infe J:=

outf+ J=

Slower particles.

r[tl
tplt]
rplt_]

vt;

{

{rplt], tp[t]}/.
{rplt], tplt]}/.
{rplt], tp[t]}/.
{rp[t], tplt]}/.
{rplt], tp[t]}/.

}, {t, 0, 100}, PlotRange » All];
Show[gboundary, gplot]

vV =

VvV =

vV =

VvV =

vV =

0.5,
0.6,
0.7,
0.8,
0.9

0.5 (ArcTan[t + r[t]] + ArcTan[t - r[t]]);
0.5 (ArcTan[t + r[t]] - ArcTan[t - r[t]]);
gplot = ParametricPlot|

I+




In[

=

(

r [t.] = v(1+Cos[t])/2;

tp[t_] = 0.5 (ArcTan[t + r[t]] + ArcTan[t - r[t]]);
rp[t_] = 0.5 (ArcTan[t + r[t]] - ArcTan[t - r[t]]);

gplot = ParametricPlot|
{

{rp[t], tp[t]}/. v-» 0.5,
{rp[t], tp[t]}/. v-> 0.6,
{rp[t], tp[t]}/. v» 0.7,
{rp[t], tp[t]}/. v-> 0.8,

{rp[t], tp[t]}/. v-> 0.999
}, {t, 0, 100}, PlotRange » All];
Show[gboundary, gplot]
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ouff J=

Spacelike curves: hitting spacelike infinity



In[

Outf

J=

rt]=vt;
tp[t_] = 0.5 (ArcTan[t + r[t]] + ArcTan[t - r[t]]);
rp[t_] = 0.5 (ArcTan[t + r[t]] - ArcTan[t - r[t]]);

gplot = ParametricPlot|
{
{rp[t], tp[t]}/. v» 1.1,
{rp[t], tp[t]}/. v> 1.3,
{rp[t], tp[t]}/. v» 1.5,
{rp[t], tp[t]}/. v> 1.8,
{rp[t], tp[t]}/. v 3
}, {t, 0, 100}, PlotRange » All];
Show[gboundary, gplot]

I-

More general curves. Example 5.3, p83 Hartle
The hyperbolic functions cannot accept very large arguments and they fail for late times, esp when
hitting the future null infinity.
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In[

Outf+ ]=

J=

rr[t] = (1/a)(Cosh[at]-1);
tt[r] = (1/a) Sinh[aT1] 8
tpl[r_] = 0.5 (ArcTan[tt[7] + rr[t]] + ArcTan[tt[7] - rr[7]]);

rp[t_] = 0.5 (ArcTan[tt[t] + rr[t]] - ArcTan[tt[t] - rr[7]]);
gplot = ParametricPlot]

{

{rp[t], tp[r]}/. a» .05,

{rpl, tp[]}/. a~> .1,

{rpltl, tp[t]}/. a—> .2,

{rpl, tp[]}/. a~> .3,

{rpltl, tp[t]}/. a-> .6,

{rpl], tp[]}/. a—> .8,

{rpltl, tp[t]}/. a—> .9,

{rp[t], tp[t]}/. a>» 1.2

}, {r, 0, 20}, PlotRange -» All];
Show[gboundary, gplot]

~
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Lines of constantr:




In[+ ]:=

rrir_]
ttr ]
tplr_]

a;

75

0.5 (ArcTan[tt[7] + rr[t]] + ArcTan[tt[t] - rr[7]]);

rp[t_] = 0.5 (ArcTan[tt[t] + rr[t]] - ArcTan[tt[t] - rr[7]]);
gplot = ParametricPlot]

{

{rpll, tp[l}/.
{rpl], tp[]}/.
{rpll, tp[l}/.
{rpl], tp[]}/.
{rpll, tp[l}/.
{rpl], tp[]}/.
{rpll, tp[}/.
{rpl], tp[}/.

a-> .05,
a- .1,
a- .3,
a- .5,
a-» .8,
a-> 1.5,
a- 3,

a- 10

}, {r, -20, 20}, PlotRange - All];
Show[gboundary, gplot]
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outf« |-

Lines of constant t:



In[+ ]:=

11

rr[z] = t;
ttfr ] = a;
tpl[r_] = 0.5 (ArcTan[tt[7] + rr[t]] + ArcTan[tt[7] - rr[7]]);

rp[t_] = 0.5 (ArcTan[tt[t] + rr[t]] - ArcTan[tt[t] - rr[7]]);
gplot = ParametricPlot]
{
{rpltl, tp[t]}/. a—> .1,
{rpl, tp[]}/. a~> .3,
{rpltl, tp[t]}/. a-> .6,
{rpl, tp[]}/. a-> 1,
{rp[t], tp[r]}/. a>» 1.5,
{rpl, tp[]}/. a—» 3,
{rpltl, tp[t]}/. a-> 15,
{rplt], tp[]}/. a>» -.1,
{rpltl, tp[t]}/. a-» -.3,
{rpl, tp[]}/. a>» -.6,
{rpltl, tp[t]}/. a-» -1,
{rp[t], tp[t]}/. a>» -1.5,
{rpltl, tp[t]}/. a-» -3,
{rp[t], tp[t]}/. a-»-15
}, {r, 0, 50}, PlotRange - All];
Show[gboundary, gplot]
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Out[+ J=

Metric Components

Firstu=t-r;v=t+r



In[+ ]:=

In[+ ]:=

Clear[t, r, tp, rp, u, v, up, vp, 8, @]
tlu_, v_]:= (1/2)(v+u); rlu_, v_] := (1/2)(v-u);

10 0 0

010 0
rt= 5
g 00r2 o )

0 0 0 r?Sin[6)?

d,t[u, v] o, t[u, v] © O
A = oyrfu, vl dyrfu, v] 0 0 |,
- ] ] 10

0 0 01

g=AT.(grt/. r> r[u, v]).A;

Print[
"gw =", grt/l MatrixForm, " , L
"g, =", gllMatrixForm, " , By
"AY, = ", A Il MatrixForm
1
-1 0 0 (0]
O 1 0 (0]
gw = 0 0 r2 0 ) gurv'=
O 0 0 r2sin[gP?
1
(0] -3 0 0] 1
2
) 0 0 1
2 PO
1_ 2 0 ] " 2
0 o 4(—u+v) 0
o o 0 2 (~u+v)? sinfeP? 0

© © NIk NIk

o r o (o]

H oo © o

Now u, v are the u’ = ArcTan[u], v’=ArcTan[v]



14

n-1-| Clear[t, r, tp, rp, u, v, up, vp, 8, ¢]
tlu_, v_] := (1/2)(Tan[v]+ Tan[ul); r[u_, v_] := (1/2)(Tan[v]-Tan[u]);

-10 0 0
0 10 (0]
8t=loo0r2 o 3
0 0 0 r?Sin[6)?
d,t[u, v] o, t[u, v] © O
A = dyrfu, vl o,rfu, vl © 0 ;
(¢} (¢} 10
(] (0} 01

g=AT.(grt/. r> r[u, v]).A;

Print|[
"gw =", grt/l MatrixForm, " , L
"g, =", gllMatrixForm, " , By
"AY, = ", A Il MatrixForm
1
-1 0 0 0
O 1 0 0
guw = 0 0 r.2 0 ) gurv'=
0 0 r?sin[g?
0 -—; Sec[u]? Sec[v]? 0 0
-—; Sec[u]? Sec[v]? 0 0 0
0 0 ;11 (- Tan[u] + Tan[v])? 0
0 0 0 2 Sin[6] (- Tan[u] + Tan[v])?
Sec[u? Seclv)? 00
2 2
1 2 Secv]?
, Nyo= -3 Sec|u] - 0]
0 0 1
0 @ 01

Now t = (1/2)(Tan[t+p]+Tan[t+p]), r = (1/2)(Tan[t+p]-Tan[t-p])
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n-1-| Clear[t, r, tp, rp, u, v, up, vp, 8, ¢, 7, p]

tlt_, p_] := (1/2)(Tan[t+p]l+ Tan[t-p]l); rit_, p_]1 := (1/2)(Tan[t+p]-Tan[t-p]);
-10 0 0

010 0

0 0r? 0 J

0 0 0 r?Sin[6)?

grt =

8. t[7, pl 0,1, p] © O
A= |0 PO, PLO O o tify;
0 o 10

(C] 0 01

g= AT.(grt/. r > r[r, pl).A/l Simplify;

Print[
"gw =", grt/l MatrixForm, " , \n",
"g, =", gll MatrixForm, " , \n",
"A¥, =", A [l MatrixForm
1
-1 0 0 0
@ 1 0 0
g» “le or o ’
@ 0 0 r2sin[6P
gyt v'=
-Sec[p- 11 Sec[p + 1 0 0 0
0 Sec[p - 11 Sec[p + 1]? 0 0
0 0 i (Tan[p - 1] + Tan[p + 1])2
0 0 0 711 Sin[8]2 (Tan[p - 1] + Tan[p + 1])2

—; (Seclp - 1]* + Sec[p + 1) % (-Seclp-1]* +Sec[p+1%) 0 ©

Ny = —; (-Seclp - 112 + Sec[p + TI?) —; (Seclo-1* + Seclp+ %) © ©
(0] 0] 10

0 0 01

Figure out the conformal factor:

1~ | g Cos[p+1]% Cos[p-1]* /l FullSimplify // MatrixForm

Outf« J//MatrixForm=

-1 0 0 0
0 1 0 0
® 0 Cos[p]? Sin[p]? 0

0 0 0 Cos[p]? Sin[6]? Sin[o]?
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i ]-| Cos[p+ 1] Cos[p~-1]/l TrigReduce

1
ouf-J- | — (Cos[2 p] + Cos[2 1])
2

- 7=| Sin[2 p] Il TrigExpand

out- - | 2 Cos[p] Sin[p]

That gives us:

ds?= w?(-de* + dp” + (sin(2 p)/2)* (46 + sin® 6d¢?)),

w=cos(T+ p)cos(t - p)=(1/2)(cos(2 1) + cos(2 p))

The metric d §° =—d7® + dp? + (sin(2 p)/2)? (d6? + sin” 6d¢?) is the metric on Rx S, and
d5°=w?ds?

conformally related, light cones are preserved.
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