Problem 2

In[+ ]:=

Clear[coord, metric, inversemetric, affine, riemann, lriemann, uriemann,

ricci, scalar, einstein, weyl, geodesic, R, G, 7, i, j, k, 1, s];
Clear[r, 8, ¢, t, x, a, m];

(*
(* This is what you need to set: %)
coord = {0, ¢};
n = Length[coord];
metric = {

a2, o},

{o , a*sin[a1’}};

inversemetric = FullSimplify[Inverse[metric]];
Print["

Print["The Manifold has dimension n=",

n, "\nCoordinate system: ", coord];

H

Print["
Print["g,=", metric// MatrixForm];
Print["g!'=", inversemetric // MatrixForm];
Print["g =", Det[metric]// FullSimplify];
affine := affine = FullSimplify[Table[
(172) = Sum|
(x g (9kgs3+058sk-0s85k) %)
(inversemetric[[i, s])=*
(D[metric[[s, jl, coordlkl]+
D[metric[[s, k], coord[j]]-D[metric[j, kl, coord[s]]),
{s, 1, n}],
{i, 1, n}, {j, 1, n}, {k, 1, n}]];

(*The non zero Christoffel symbols are computed and selected below:

listaffine :=Table[
If[
UnsameQ[affine[i, j, kI, 0],
{Subscript[Superscript[l, il, j, kl, affine[i, j, kI}
] b
{i, 1, n}, {, 1, n}, {k, 1, 3}
Print["

"15

*)

Print["Christoffel Symbols:"];

"15




Print[TableForm[
Partition[DeleteCases[Flatten[listaffine], Null], 2], TableSpacing - {2, 2}11;

riemann := riemann = FullSimplify[Table[

(* Rijk= A - A j%)
D[ affine[i, 1, j1, coord[k] 1-Dl[affine[i, k, j1, coord[l] 1+
(= Mks My - Mis My *)
Sum[affine[i, k, s]affinels, 1, jl1 - affine[i, 1, s]affine[s, k, jl,
{s, 1, n}l,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listriemann := Table[
If[
UnsameQ[riemannf[i, j, k, 11, 0],
{Subscript[Superscript[R, il, j, k, 1], riemann[i, j, k, 11}
I,
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, k-1}];
Print[" "1s
Print["Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listriemann], Null], 2], TableSpacing - {2, 2}]I;
lriemann := lriemann = FullSimplify[Table[

Sum[metric[i, ii] riemann[ii, j, k, 1], {ii, 1, n}],
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listlriemann := Table]
If[
UnsameQ[lriemann[i, j, k, 1], 0],
{Subscript[R, i, j, k, 1], lriemann[i, j, k, 11}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k=-1}];
Print[" "1s
Print["Contravariant Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listlriemann], Null], 2], TableSpacing - {2, 2}II;
uriemann :=uriemann = FullSimplify[Table[
Sum[
inversemetric[j, jjl inversemetric[k, kk] inversemetric[l, 11]
riemann[i, jj, kk, 111, {jj, 1, n}, {kk, 1, n}, {11, 1, n}
I,
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}ll;
listuriemann := Table[
If[

UnsameQ[uriemann[i, j, k, 1], 0], {Superscript|

Superscript[Superscript[Superscript[R, 1], j1, k], 1], uriemann[i, j, k, 1T}
1,{i,1,n}, {3, 1, i-1}, {k, 1, n}, {1, 1, k-1}];




Print[" "5
Print["Covariant Riemann Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listuriemann], Null], 2], TableSpacing - {2, 2}II;
r2 = FullSimplify[Sum[lriemann[i, j, k, lJuriemann[i, j, k, 1],

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}l;

Print[" "5
Print["R*= ", r2];

ricci :=ricci = FullSimplify[Table[
Sum[
riemannfi, j, i, 11,
{i, 1, n}
1, {3, 1, n}, {1, 1, n}]];
listricci :=Table[
If[
UnsameQ[ricci[[j, 1], 0],
{Subscript[R, j, 1, riccilj, 1}
1,{i, 1, n}, {1, 1, 3}
Print[" "3
Print["Ricci Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listricci], Null], 2], TableSpacing - {2, 2}];
scalar = FullSimplify[Sum[inversemetric[i, jlricci[i, jO1, {i, 1, n}, {j, 1, n}11;
Print[" g

Print["Curvature Scalar:"];

Print["R= ", scalar];
einstein :=einstein = FullSimplify[ricci-(1/2)scalar xmetric];
listeinstein := Table[
If[
UnsameQ[einstein[j, 1], 0],
{Subscript[G, j, 1], einstein[j, 11}
1,{i, 1, n}, {1, 1, 3}
Print[" "3
Print["Einstein Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listeinstein], Null], 2], TableSpacing - {2, 2}]];
weyl := weyl = FullSimpli fy[Table[

If[n>3,

lriemann[i, j, k, 1]
1

(metric[i, kI ricci[l, jl —metric[i, 1] riccilk, jI-
n-2

metricj, k] ricci[l, ill+metric[[j, 1] riccifk, i)




a4

1
+ ——————— (metric[i, kI metric[l, jl-metric[i, 1] metricfk, jI)scalar
(n=1)(n=-2)

(relse, if n< 3 return 0:%), 0],

{i, 1, n}, {3, 1, n}, {ks 1, 0}, {1, 1, n};
listweyl :=Table[
If[
UnsameQ[weyl[i, j, k, 1], 0],
{Subscript[C, i, j, k, 1], weyl[i, j, k, 1T}
1,{i,1,n}, {3, 1, -1}, {k, 1, n}, {1, 1, k-1}];
Print[" s
Print["Weyl Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listweyl], Null], 2], TableSpacing - {2, 2}II;
geodesic :=geodesic =
Simplify[Table[-Sum[affine[i, j, kJuljlulkl, {j, 1, n}, {k, 1, n}], {i, 1, n}ll;
subst = Table[u[i] » Subscript[coord[il, 7], {i, 1, n}];
nlistgeodesic :=
Table[{Subscript[coord[i], 7], "+", —geodesic[i] /. subst, "= 0"}, {i, 1, n}l;
Print[" A H

Print["Geodesic Equations:"];

Print[TableForm[nlistgeodesic, TableSpacing - {2}1];

The Manifold has dimension n= 2

Coordinate system: {6, ¢}

a2 0 )
0 aZsin[6)?

= 0
w_| @
g _[ 0 Cscle)? ]

aZ

gHV=(

g =a*sin[6)?

Christoffel Symbols:
™y, ~-Cos[6]Sin[E]

M,,1 Cot[f]

Riemann Tensor:
R .1 -Sin[6P

2
Re1,2,1 1




Contravariant Riemann Tensor:

Ra,1,2,1 a°Sin[6)?

Covariant Riemann Tensor:

R2121 Csclo?
aS

R?= —

Q
N

Ricci Tensor:
Rl,l 1

Ra,o  Sin[6?

Curvature Scalar:
2

a2

R=

Einstein Tensor:

¢

Weyl Tensor:

¢

Geodesic Equations:
6. + -Cos[6] Sin[6] ¢? =
O + 2 Cot[6] 6, ¢, =

o o

Problem 4

Inf[e ]:=

Clear[r, 6, ¢, t, x, a, m, Q];

Clear[coord, metric, inversemetric, affine, riemann, lriemann, uriemann,

ricci, scalar, einstein, weyl, geodesic, R, G, 7, i, j, k, 1, s];

(*

coord = {t, x, y, z}3

n = Length[coord];

(* This is what you need to set: %)




metric = {
{-(1-2*(x*+y?)), Qy, -Qx, 6},
{ Qy » 1, 0 ,0},
{-Qx , 0, 1 , 0},
{0 5 e, 0, 1}

b
(* *)

inversemetric = FullSimplify[Inverse[metric]l;
Print[" "Ts
Print["The Manifold has dimension n=",

n, "\nCoordinate system: ", coord];
Print[" "1;
Print["g,=", metric // MatrixForm];

Print["g''=", inversemetric // MatrixForm];
Print["g =", Det[metric]// FullSimplify];
affine := affine = FullSimplify[Table[
(172)  Sum|
(x g'° (0k8si*+9;85k-0sEjk) %)
(inversemetric[i, s])=*
(D[metric[s, jl, coordlkl]+
D[metricls, kl, coord[jl]1-D[metric[j, kll, coord[s]]),
{s, 1, n},
{i, 1, n}, {j, 1, n}, {k, 1, n}]];
(*The non zero Christoffel symbols are computed and selected below: x)
listaffine :=Table[
If[
UnsameQ[affine[i, j, kI, O],
{Subscript[Superscript[l, i]l, j, k], affine[i, j, kI}
1,
{i, 1, n}, {j, 1, n}, {k, 1, j}1;
Print[" "3
Print["Christoffel Symbols:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listaffine], Null], 2], TableSpacing - {2, 2}1];
riemann := riemann = FullSimplify[Table|

(¢ Rij= &y - o k%)
D[ affine[i, 1, j1, coordk] 1-D[affine[i, k, j1, coord[l] 1+
(x Mis sy - M ks %)
Sum[affine[i, k, sJaffine[s, 1, j1 - affine[i, 1, s]affine[s, k, jl,
{s, 1, n}l,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];




listriemann := Table[
If[
UnsameQ[riemann[i, j, k, 11, 0],
{Subscript[Superscript[R, il, j, k, 1], riemann[i, j, k, 11}
1,
¢, 1,n}, {j, 1, n}, {k, 1, n}, {1, 1, k-1}1;
Print[" "3
Print["Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listriemann], Null], 2], TableSpacing - {2, 2}]I;

lriemann := lriemann = FullSimplify[Table[

Sum[metric[i, ii] riemann[ii, j, k, 1], {ii, 1, n}],
{i, 1, n}, {i, 1, n}, {k, 1, n}, {1, 1, n}il;
listlriemann := Table]
If[
UnsameQ[lriemann[i, j, k, 1], 0],
{Subscript[R, i, j, k, 1], lriemann[i, j, k, 11}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" "3
Print["Contravariant Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listlriemann], Null], 2], TableSpacing - {2, 2}II;
uriemann :=uriemann = FullSimplify[Table[
Sum[
inversemetric[j, jjl inversemetrick, kk] inversemetric[l, 11]
riemann[i, jj, kk, 111, {jj, 1, n}, {kk, 1, n}, {11, 1, n}
I,
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}ll;
listuriemann := Table[
If[

UnsameQ[uriemann[i, j, k, 1], 0], {Superscript|

Superscript[Superscript[Superscript[R, 1], j1, k], 1], uriemann[i, j, k, 1T}

1,{i,1,n}, {3, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" g
Print["Covariant Riemann Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listuriemann], Null], 2], TableSpacing - {2, 2}II;
r2 = FullSimplify[Sum[lriemann[i, j, k, lJuriemann[i, j, k, 11,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}];

Print[" g
Print["R*= ", r2];

ricci :=ricci = FullSimplify[Table[
Sum[

7



riemann[i, j, i, 11,
{i, 1, n}
1, {i, 1, n}, {1, 1, n}]1;
listricci :=Table][

If[

UnsameQ[ricci[j, 11, 0],
{Subscript[R, j, 11, riccifj, 1}

1,4, 1,n} {1, 1, j};

Print[" s
Print["Ricci Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listricci], Null], 2], TableSpacing - {2, 2}11;
scalar = FullSimplify[Sum[inversemetric[i, jlricci[i, jl, {i, 1, n}, {j, 1, n}1];
Print[" R H
Print["Curvature Scalar:"];

Print["R= ", scalarl];
einstein :=einstein = FullSimplify[ricci-(1/2)scalar *metric];
listeinstein := Table][
If[
UnsameQ[einstein[j, 11, 0],
{Subscript[G, j, 1], einstein[j, 1}
1,{, 1, n}, {1, 1, i};
Print[" "1s
Print["Einstein Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listeinstein], Null], 2], TableSpacing - {2, 2}II;
weyl :=weyl = FullSimpli fy[Tab'Le[

If[n >3,
lriemannf[i, j, k, 1]
- n12 (metric[i, k] riccif[l, j] -metric[i, 1] riccifk, jl-
metricj, k] ricci[l, il+metric[j, 1] riccifk, i)
+ ; (metric[i, klmetric[l, jl-metric[i, UImetric[k, jI) scalar
(n-1)(n-2)

(else, if n< 3 return 0:%), 0],

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listweyl :=Table[
If[
UnsameQ[weyl[i, j, k, 11, 0],
{Subscript[C, i, j, k, 1], weyl[i, j, k, 1T}
1,{i,1,n}, {3, 1, i-1}, {k, 1, n}, {1, 1, k-1}1;
Print[" g




Print["Weyl Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listweyl], Null], 2], TableSpacing - {2, 2}II;
geodesic :=geodesic =

Simplify[Table[-Sum[affine[i, j, kJu[jlulkl, {j, 1, n}, {k, 1, n}], {i, 1, n}]];
subst = Table[u[i] » Subscript[coord[il, 7], {i, 1, n}];
nlistgeodesic :=

Table[{Subscript[coord[i], r], "+", —geodesic[i] /. subst, "= 0"}, {i, 1, n}];

Print[" "1s

Print["Geodesic Equations:"];

Print[TableForm[nlistgeodesic, TableSpacing - {2}1];

The Manifold has dimension

Coordinate system:

n= 4
{t, x, ¥, 7}

-1+(x*+y?)0Q? yQ -xQ 0
yQ 1 0 o
gpv—
-xQ o 1 o
(0] 0] 0 1
-1 yQ -xQ 0
o= yQ 1-y20? xyQ? 0
-xQ xyQ? 1-x20% 0
0] (0] (0] 1
g =1

Christoffel Symbols:

P -xQ?
P31 Q
P -yQ?
B, -0

>

Riemann Tensor:

¢

Contravariant Riemann Tensor:

¢

Covariant Riemann Tensor:

¢
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R?= 0

Ricci Tensor:

i

Curvature Scalar:

R= 0

Einstein Tensor:

i

Weyl Tensor:
i

Geodesic Equations:

ta + 0] =0
X + -0t (xQt, -2y, =0
. + -t (yQt,+2xy) =0
Za + (0] =0

Problem 12

In[+ ]:=

Clear[coord, metric, inversemetric, affine, riemann, lriemann, uriemann,
ricci, scalar, einstein, weyl, geodesic, R, G, 7, i, j, k, 1, s];
Clear[r, 8, ¢, t, x, a, m, X, yl;

( *)

(* This is what you need to set: %)

coord = {x, y};
n = Length[coord];
metric = {

{y_zs 0},

o,y

inversemetric = FullSimplify[Inverse[metric]];

Print[" W)



Print["The Manifold has dimension n=",
n, "\nCoordinate system: ", coord];
Print[" "1s

Print["g,=", metric // MatrixForm];

Print["g''=", inversemetric /l MatrixForm];
Print["g =", Det[metric]// FullSimplify];
affine := affine = FullSimplify[Table[
(172)  Sum|
(* g'° (0k8si+0;8sk-0s8;5k) *)
(inversemetric[i, s])=*
(D[metric[[s, jl, coordlkl]+
D[metric[s, ki, coord[jl]1-D[metric[j, kll, coord[s]]),
{s, 1, n}],
{i, 1, n}, {j, 1, n}, {k, 1, n}]];
(*The non zero Christoffel symbols are computed and selected below: %)
listaffine :=Table[
If[
UnsameQ[affine[i, j, kI, O],
{Subscript[Superscript[l, il, j, kl, affine[i, j, kI}
] b
{i, 1, n}, i, 1, n}, {k, 1, }1;
Print[" Mg
Print["Christoffel Symbols:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listaffine], Null], 2], TableSpacing - {2, 2}11;

riemann := riemann = FullSimplify[Table[

(* Rijk= A - A j%)
D[ affine[i, 1, jl1, coordlkl 1-D[affine[i, k, jl, coord[l] 1+
(= Mks My - Mis My *)
Sum[affine[i, k, s]affinels, 1, jl1 - affine[i, 1, s]affine[s, k, jl,
{s, 1, n}l,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listriemann := Table[
If[
UnsameQ[riemannf[i, j, k, 11, 0],
{Subscript[Superscript[R, il, j, k, 1], riemann[i, j, k, 11}
1,
¢i,1,n}, G, 1, n}, {k, 1, n}, {1, 1, k-1}];
Print[" "3
Print["Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listriemann], Null], 2], TableSpacing - {2, 2}]I;
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lriemann := lriemann = FullSimplify[Table[
Sum[metric[i, iil riemann[ii, j, k, 11, {ii, 1, n}l,
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}il;
listlriemann := Table]
If[
UnsameQ[lriemann[i, j, k, 1], 0],
{Subscript[R, i, j, k, 1], lriemann[i, j, k, 1]}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" "1s
Print["Contravariant Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listlriemann], Null], 2], TableSpacing - {2, 2}II;
uriemann :=uriemann = FullSimplify[Table[
Sum[
inversemetric[j, jjl inversemetric[k, kk] inversemetric[l, 11]
riemann[i, jj, kk, 111, {jj, 1, n}, {kk, 1, n}, {11, 1, n}
]’
{i, 1, n}, {i, 1, n}, {k, 1, n}, {1, 1, n}il;
listuriemann := Table[
If[

UnsameQ[uriemann[i, j, k, 1], 0], {Superscript|

Superscript[Superscript[Superscript[R, 1], j1, k], 1], uriemann[i, j, k, 11}
1,{i,1,n}, {3, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" R H
Print["Covariant Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listuriemann], Null], 2], TableSpacing - {2, 2}]];
r2 = FullSimplify[Sum[lriemann[i, j, k, lJuriemannfi, j, k, 11,
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}];
Print[" R H
Print["R*= ", r2];
ricci :=ricci = FullSimplify[Table[
Sum[
riemann[i, j, i, 11,
{i, 1, n}
1, {3, 1, n}, {1, 1, n}11;
listricci :=Table[
If[
UnsameQ[ricci[j, 11, 0],
{Subscript[R, j, 1], ricci[[j, 1}
1,4, 1, n}, {1, 1, j};
Print[" g

Print["Ricci Tensor:"];




Print[TableForm[

Partition[DeleteCases[Flatten[listricci], Null], 2], TableSpacing - {2, 2}11;
scalar = FullSimplify[Sum[inversemetric[i, jlricci[i, jl, {i, 1, n}, {j, 1, n}1];
Print[" g
Print["Curvature Scalar:"];

Print["R= ", scalarl];
einstein :=einstein = FullSimplify[ricci-(1/2)scalar xmetric];
listeinstein := Table][
If[
UnsameQ[einstein[j, 11, 0],
{Subscript[G, j, 1], einstein[j, 1}
1,{, 1, n}, {1, 1, i};
Print[" "1s
Print["Einstein Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listeinstein], Null], 2], TableSpacing - {2, 2}II;

weyl :=weyl = FullSimpli fy[Tab'Le[

If[n >3,
lriemannf[i, j, k, 1]
- n12 (metric[i, k] riccif[l, j] -metric[i, 1] riccifk, jI-
metricj, k] ricci[l, il+metric[j, 1] riccifk, il)
+ ; (metric[i, klmetric[l, jl-metric[i, lImetricf[k, jI) scalar
(n-1)(n-2)

(else, if n< 3 return 0:%), 0],

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listweyl :=Table[
If[
UnsameQ[weyl[i, j, k, 11, 0],
{Subscript[C, 1, j, k, 1], weyl[i, j, k, [}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" "
Print["Weyl Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listweyl], Null], 2], TableSpacing - {2, 2}]I;
geodesic :=geodesic =
Simplify[Table[-Sum[affine[i, j, kju[jlulkl, {j, 1, n}, {k, 1, n}], {i, 1, n}]];
subst = Table[u[i] » Subscript[coord[il, 1], {i, 1, n}];
nlistgeodesic :=
Table[{Subscript[coord[i], 7], "+", —geodesic[i] /. subst, "= 0"}, {i, 1, n}];
Print[" )8

Print["Geodesic Equations:"];
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The Manifold has dimension n= 2

Coordinate system: {x, vy}
1
v (0]
= i
° v
2
1% )
0 y?
1
g =;Z

Christoffel Symbols:

1 1
M1 -y
1
P =
’ y
1
r2 -=
2,2 S

Riemann Tensor:

1 1
R%2,2,1 3

<le

2
R°1,2,1 -

Contravariant Riemann Tensor:

1
R2,1,2,1 v

Covariant Riemann Tensor:

R2121 v

R’= 4

Ricci Tensor:

Ri,1 -

Sle

Ry -

le

Curvature Scalar:

R= -2
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Einstein Tensor:

i

Weyl Tensor:
i

Geodesic Equations:

2 X Y,
er + - =0
y
SXEHyE

y

2\-1/2
y y
m-1-| Integratel— |1- — s ¥, Assumptions - R>0 & y >0 && y <R
g R 5
R

ou+ J= | =+ R% - y2

2\-1/2
Infe J:= Integrate[y'1 (1— —_ , ¥, Assumptions » R>0 && y >0 && y < R]
R2

ouf- - | R|-=

Log[R+ R2-y2] LOg[—R2+R~/R2_y2]
+
R

2 2R

Problem 8, Carroll

n-=| Clear[coord, metric, inversemetric, affine, riemann, lriemann, uriemann,
ricci, scalar, einstein, weyl, geodesic, R, G, 7, i, j, k, 1, s];
Clear[r, 68, ¢, t, x, a, m, X, y, yl;

(* *)
(* This is what you need to set: %)
coord = {y, 0, ¢};

n = Length[coord];

metric = {
{1 ) 0 b o }’
{o, sinlyl, 0 b

fo, 0 , Sin[y)® sin[61’}};
(* *)
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inversemetric = FullSimplify[Inverse[metric]l;
Print[" s
Print["The Manifold has dimension n=",

n, "\nCoordinate system: ", coord];
Print[" "1s

Print["g,=", metric// MatrixForm];
Print["g''=", inversemetric // MatrixForm];
Print["g =", Det[metric]// FullSimplify];
affine := affine = FullSimplify[Table[
(1/2)  Sum|
(x g' (0kgsy+0;8sk-9sEsk) %)
(inversemetric[i, s])=*
(D[metric[s, jl, coordlkl]+
D[metric[s, kl, coord[jl]1-D[metric[j, kll, coord[s]]),
{s, 1, n}]’
{i, 1, n}, {3, 1, n}, {k, 1, n}]];
(*The non zero Christoffel symbols are computed and selected below: %)
listaffine :=Table[
If[
UnsameQ[affine[i, j, kI, O],
{Subscript[Superscript[l, il, j, kl, affine[i, j, kI}
] b
{i, 1, n}, {j, 1, n}, {k, 1, j}I;
Print[" R H
Print["Christoffel Symbols:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listaffine], Null], 2], TableSpacing - {2, 2}1];
riemann := riemann = FullSimplify[Table|

(* R-ijk1= akr-ilj = alr-ikj*)
D[ affine[i, 1, jI, coordlk] 1-D[affine[i, k, jl, coord[l] 1+
(x M Moy - M ks %)
Sum[affine[i, k, s]affine[s, 1, j]1 - affine[i, 1, s]affine[s, k, jI,
{s, 1, n}l,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listriemann := Table[
If[
UnsameQ[riemann[i, j, k, 11, 0],
{Subscript[Superscript[R, il, j, k, 1], riemann[i, j, k, 11}
]’
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, k-1}];
Print[" g




Print["Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listriemann], Null], 2], TableSpacing - {2, 2}]];
lriemann := lriemann = FullSimplify[Table[
Sum[metricf[i, ii] riemann[ii, j, k, 1], {ii, 1, n}],
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}il;
listlriemann := Table[
If[
UnsameQ[lriemann[i, j, k, 1], 0],
{Subscript[R, i, j, k, 1], lriemann[i, j, k, 11}
1,{i,1,n}, {3, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" R H
Print["Contravariant Riemann Tensor:'"];
Print[TableForm[
Partition[DeleteCases[Flatten[listlriemann], Null], 2], TableSpacing - {2, 2}]];
uriemann := uriemann = FullSimplify[Table[
Sum[
inversemetric[j, jjl inversemetricfk, kk] inversemetric[l, 11]
riemannf[i, jj, kk, 111, {jj, 1, n}, {kk, 1, n}, {11, 1, n}
]!
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]l;
listuriemann := Table]
If[

UnsameQ[uriemann[i, j, k, 1], 0], {Superscript|

Superscript[Superscript[Superscript[R, 1], jl, k], 1], uriemann[i, j, k, 1}

1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" "5
Print["Covariant Riemann Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listuriemann], Null], 2], TableSpacing - {2, 2}II;
r2 = FullSimplify[Sum[lriemann[i, j, k, lJuriemann[i, j, k, 1],

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}l;

Print[" "5
Print["R*= ", r2];

ricci :=ricci = FullSimplify[Table[
Sum[
riemannfi, j, i, 11,
{i, 1, n}
1, {d, 1, n}, {1, 1, n}]1;
listricci :=Table[
If[
UnsameQ[ricci[j, 11, 0],
{Subscript[R, j, 1, riccilj, 1}

17
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1,4, 1,n}, {1, 1, j};
Print[" g
Print["Ricci Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listricci], Null], 2], TableSpacing - {2, 2}];
scalar = FullSimplify[Sum[inversemetric[i, jlricci[i, jO1, {i, 1, n}, {j, 1, n}11;
Print[" "5

Print["Curvature Scalar:"];

Print["R= ", scalar];
einstein :=einstein = FullSimplify[ricci-(1/2)scalar *metric];
listeinstein :=Table[
If[
UnsameQ[einstein[j, 1], 0],
{Subscript[G, j, 1], einstein[j, 11}
1,4, 1,n}, {1, 1, j};
Print[" R H
Print["Einstein Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listeinstein], Null], 2], TableSpacing - {2, 2}]];
weyl :=weyl = FullSimpli fy[Table[

If[n >3,
lriemann[i, j, k, 1]
- n12 (metric[i, kI ricci[l, j] —metric[i, 1] riccilk, jI-
metric[j, k] ricci[l, il+metric[j, 1] riccifk, il)
+ ; (metric[i, klmetric[l, jl-metric[i, LI metric[k, jI)scalar
(n-1)(n-2)

(relse, if n< 3 return 0:%), 0],

{i, 1, n}, {3, 1, n}, {ks 1, 0}, {1, 1, n};
listweyl :=Table[
If[
UnsameQ[weyl[i, j, k, 11, 0],
{Subscript[C, i, j, k, 1], weyl[i, j, k, 1T}
1,{i,1,n}, {3, 1, -1}, {k, 1, n}, {1, 1, k-1}];
Print[" )8
Print["Weyl Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listweyl], Null], 2], TableSpacing - {2, 2}II;
geodesic := geodesic =
Simplify[Table[-Sum[affine[i, j, kJuljlulkl, {j, 1, n}, {k, 1, n}]l, {i, 1, n}Il;
subst = Table[u[i] » Subscript[coord[il, 7], {i, 1, n}I;

nlistgeodesic :=




Table[{Subscript[coord[i], 7], "+", —geodes-ic[i] /. subst,

Print["

"= 0"}, {i, 1, n}];

Print["Geodesic Equations:'"];
Print[TableForm[nlistgeodesic, TableSpacing - {2}11;
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The Manifold has dimension n= 3

Coordinate system: {w, 8, ¢
1 0 0
g,.=| 0 Sinfyl? 0
) 0 Sin[6)? Sin[yl?
1 0 0
g"=| 0 Cscly]® 0
0 0 Csc[6]? Cscly]?

g  =Sin[6] Sin[y]*

Christoffel Symbols:
;2 -Cos[y] Sinfy]

3,3 -Cos[y] Sin[6]* Sinfy]
r,,1 Cotly]

33 -Cos[6]Sin[E]

3,1 Cotly]

F33,2 Cot[9]

Riemann Tensor:

R .1 =-Si nlyl?

RY3,3,10 -Sin[61 Sin[y)?
R%1,21 1

R%3,3,2 -Sin[61 Sin[y)?
R®%131 1

R%,3,2 Sin[y?

Contravariant Riemann Tensor:
R2,1,2,1 Si [y
R3,1,3,1  Sin[6] Sinfy)?

Rs,2,3,2 Sin[6]* Sin[y]*




20 |

Covariant Riemann Tensor:

1
R Cscly)?

1
R3 Cscl6]? Cscly)?

2
R3*"  Csclo? Csclul*

R?= 12

Ricci Tensor:
Rl,l 2
Ra,2 2 Sin[yl?

R3,3  2Sin[6)* Sin[y)?

Curvature Scalar:

R= 6

Einstein Tensor:
Gl,l -1
Gy, -Sinlyl

G3,3 -Sin[6]* Sin[y]?

Weyl Tensor:
&

Geodesic Equations:

. + - Cos[y] Sin[y] (62 + Sin[6]* ¢2) =0
6. + -Cos[6] Sin[6] ¢2 + 2 Cot[y] 6, y, =0
o + 2 ¢, (Cot[6] 6, + Cot[y] w) =0

Problem 6, Carroll

In[+ ]:=

Clear[coord, metric, inversemetric, affine, riemann, lriemann, uriemann,
ricci, scalar, einstein, weyl, geodesic, R, G, 7, i, j, k, 1, s];
Clear[r, 8, ¢, t, x, a, m, X, y, yl;

(x *)

(* This is what you need to set: %)




coord = {t, r, 6, ¢};

n = Length[coord];
metr'ic={
2M
{'(1'_ 10 ) 0 ’ 0 }’
B
2M
{e 14—, 0 ,0 },
r
{0 » O ’ r? » O }s
{0 , © , 0 , r? S'in[a]z}};

inversemetric = FullSimplify[Inverse[metric]];
Print[" g
Print["The Manifold has dimension n=",

n, "\nCoordinate system: ", coord];
Print[" "5

Print["g, =", metric// MatrixForm];

Print["g''=", inversemetric // MatrixForm];
Print["g =", Det[metric]// FullSimplify];
affine := affine = FullSimplify[Table[
(172) = Sum|
( g% (OkBsj+058sk-0sE;k) %)
(inversemetric[[i, s])=*
(D[metric[[s, jl, coordlkl]+
D[metric[[s, kI, coord[j]]-D[metric[j, kll, coord[s]]),
{s, 1, n}],
{i, 1, n}, {j, 1, n}, {k, 1, n}]];
(*The non zero Christoffel symbols are computed and selected below: %)
listaffine := Table[
If[
UnsameQ[affine[i, j, kI, @],
{Subscript[Superscript[l, il, j, kl, affine[i, j, kI}
] b
{i, 1, n}, {, 1, n}, {k, 1, 3}
Print[" B
Print["Christoffel Symbols:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listaffine], Null], 2], TableSpacing - {2, 2}11;
riemann := riemann = FullSimplify[Table|
(* R'jja= a1 = A 5%)

D[ affine[i, 1, j1, coord[k] 1-Dlaffine[i, k, j], coordl] ]+

| 21
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(* Mks sy - s M *)
Sum[affine[i, k, s] affinels, 1, jl - affine[i, 1, s]affine[s, k, jl,
{s, 1, n}l,

{i, 1, n}, {3, 1, n}, {k, 1, n}, {1, 1, n}]];
listriemann := Table[
If[
UnsameQ[riemann[i, j, k, 11, 0],
{Subscript[Superscript[R, il, j, k, 1], riemann[i, j, k, 11}
I,
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, k-1}];
Print[" A H
Print["Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listriemann], Null], 2], TableSpacing - {2, 2}II;
lriemann := lriemann = FullSimplify[Table[

Sum[metric[i, ii] riemann[ii, j, k, 11, {ii, 1, n}l,
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}il;
listlriemann := Table]
If[
UnsameQ[lriemann[i, j, k, 11, 0],
{Subscript[R, i, j, k, 1], lriemann[i, j, k, 11}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" g
Print["Contravariant Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listlriemann], Null], 2], TableSpacing - {2, 2}II;
uriemann := uriemann = FullSimplify[Table[
Sum[
inversemetric[j, jjl inversemetric[k, kk] inversemetric[l, 11]
riemann[i, jj, kk, 111, {jj, 1, n}, {kk, 1, n}, {11, 1, n}
I,
{i, 1, n}, {i, 1, n}, {k, 1, n}, {1, 1, n}l];
listuriemann := Table][
If[

UnsameQ[uriemann[i, j, k, 1], 0], {Superscript|

Superscript[Superscript[Superscript[R, il, j1, k], 1], uriemann[i, j, k, 11}

1,{i, 1, n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" €
Print["Covariant Riemann Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listuriemann], Null], 2], TableSpacing - {2, 2}]I;
r2 = FullSimplify[Sum[lriemann[i, j, k, lJuriemann[i, j, k, 11,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
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Print[" "1s
Print["R*= ", r2];

ricci :=ricci = FullSimplify[Table[
Sum[
riemannfi, j, i, 11,
{i, 1, n}
1, {3, 1, n}, {1, 1, n}]];
listricci :=Table[
If[
UnsameQ[ricci[[j, 1], 0],
{Subscript[R, j, 1, riccilj, 1}
1,{i, 1, n}, {1, 1, 3}
Print[" "3
Print["Ricci Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listricci], Null], 2], TableSpacing - {2, 2}];
scalar = FullSimplify[Sum[inversemetric[i, jlricci[i, jl1, {i, 1, n}, {j, 1, n}11;
Print[" g

Print["Curvature Scalar:"];

Print["R= ", scalar];
einstein := einstein = FullSimplify[ricci-(1/2)scalar xmetric];
listeinstein := Table[
If[
UnsameQ[einstein[j, 1], 0],
{Subscript[G, j, 1], einstein[[j, 11}
1,{i, 1, n}, {1, 1, 3}
Print[" "3
Print["Einstein Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listeinstein], Null], 2], TableSpacing - {2, 2}]];
weyl := weyl = FullSimpli fy[Table[

If[n >3,
lriemann[i, j, k, 1]
- n12 (metric[i, kI ricci[l, jl —metric[i, 1] riccilk, jI-
metricj, k] ricci[l, ill+metric[[j, 1] riccifk, i)
+ ; (metric[i, klmetric[l, jl-metric[i, lImetric[k, jI) scalar
(n-1)(n-2)

(relse, if ns 3 return 0:%), 0],

{i, 1, n}, {3, 1, n}, {ks 1, 0}, {1, 1, n};
listweyl :=Table[
If[
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UnsameQ[weyl[i, j, k, 1], 0],
{Subscript[C, i, j, k, 1], weyl[i, j, k, 1T}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" R H
Print["Weyl Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listweyl], Null], 2], TableSpacing - {2, 2}II;
geodesic :=geodesic =
Simplify[Table[-Sum[affine[i, j, kJu[jlulkl, {j, 1, n}, {k, 1, n}], {i, 1, n}]];
subst = Table[u[i] » Subscript[coord[il, 1], {i, 1, n}];
nlistgeodesic :=
Table[{Subscript[coord[i], 7], "+", —geodesic[i] /. subst, "= 0"}, {i, 1, n}l;
Print[" "1s

Print["Geodesic Equations:"];

Print[TableForm[nlistgeodesic, TableSpacing - {2}1];

The Manifold has dimension n= 4

Coordinate system: {t, r, 6, ¢}
1+ 2—rM 0 o0 0
o 1+ o 0
gpv— r
0 0 r2 0
0 0 0 r2sin[6)?
. © 0 0
2 M-r
0 ~_ 9 0
w_ 2 M+r
& 0 6o = 0
r
0 0 0 Cs,cie]2

r

g =-r’(-4M*+r?) Sin[6”

Christoffel Symbols:




L
r (-2 M+r)

M
2Mrr?

2 M+r

r? Sin[e)?
2 M+r

-Cos[6] Sin[]

1

Cot[6]

Riemann Tensor:

R' 2,1
R'3 3,1
RY4,4,1
R%1,2,1
R%33,2
R24,4,2
R%13,1
R%, 3,2
R34,4,3
R*1,4,1
R*2,4,2

4
R%3,4,3

4M-2Mr?
r? (-2 M+r)? (2 Msr)
_Mr
—4 M?4r2
M r Sinje)?
4 M24r2
2 M (-2 M24r2)
r? (-2 Mer) (2 Mer)?

Mr
(2 M+r)?

M r Sinje)?
(2 M+r)?

B

r? (2 M+r)
M
r2 (2 Ms+r)
2 M Sine)?

2 M+r

M

r? (2 M+r)
M
r2 (2 Ms+r)
2M

2 M+r

Contravariant Riemann Tensor:
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4M32M 2
R2,1,2,1 —55=

4 M2 3415
M
Rs,1,3.1  oyr
M
R3,2,32 -~ 7
R M S4n[e)?
4,1,4,1 2 M+r
R M S1in[6)?
42,42 T oM
R 2 M r2 Sing)?
43,43 2Mar

Covariant Riemann Tensor:

R212t AW raur
(4 M2_r2)?
R3131 M
r2 (=2 M+r)? (2 M+r)
R3232 M
r2 (2 M+r)?
R4141 M Cscler?
r? (-2 M+r)2 (2 Msr)
R4242 M Cscle?

r? (2 M+r)3

R4343 2 M CscleP?
r® (2 M+r)

, 16M*(64M°-64M r+4Mir?+16M3r-8Mr°+3r°)
R:

(-4M2r+r3)?

Ricci Tensor:

R 4—M3
bl r? (-2 Mer) (2 Mer)?
R 4 M2 (-3M+2 1)
2,2 r2 (-2 M+r)2 (2 M+r)
8 M3
R —_—
33 2Mn@mery?
R 8 M3 Sin[e)?
4,4 (2 M-r) (2 M+r)?

Curvature Scalar:

8M2(4M?-3Mr+r?)
R:

(-4 M2 r+r3)?

Einstein Tensor:



Gi,1
Gy,
Gs,3

Gy4,a

4 M2 (=2 M+r)
r3 (2 M+r)?
_am
(2M-r)r3
4M2 (M-r) r
(-4 M24+r2)?
4 M2 (M-r) r Sine)?
(-4 M24r2)?

Weyl Tensor:

2M(4M-3 1) (2 M-r?)

C -
2,1,2,1 31 (C4Mr?)
c M (4 M-3 r) (2 M2-r2)
31,31 32 Mor)r (2 Mer)?
C M (4 M-3 r) (2 M2-r2)
3,2,3,2 31 (-2Mer)2 (2 Mer)
M (4 M-3 r) (2 M2-r?) Sin[e]*
Cana1 - 2
(2M-r) r (2 M+r)
C M (4 M-3 r) (2 M2-r2) Sin[e]?
452,42 31 (-2 M4r)? (2 Msr)
2M(4M-3r)r? (2M2-r?) Sine)?
Ca,3,4,3

3 (-4 M24r2y?

Geodesic Equations:

. 2Mr, t,
2Mr-r?
+ _h r2-M t2+r2 02+r° Sin[e)? ¢?

2Mr+r?
+ “—re - Cos[6] Sin[6] ¢>

2 (r+r Cot[o] 6,) ¢,
r
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